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The Jeffreys model (also associated with the names of Lethersich and Oldroyd) is 
one of the crucial conceptions in the theory of viscoelastic fluids. The models of Jeffreys 
type describe behaviour of bitumens, blood, polymers and their solutions, dough, the 
earth's crust, concrete, lubricants etc. Study of BVPs corresponding to their statics and 
dynamics meets a lot of mathematical difficulties, which turn out to be much harder 
than the ones that are related to the celebrated Navier-Stokes system. In this work, we 
make an attempt to review the recent results and main unsolved problems for equations 
of motion for the mediums of Jeffreys' type. 

^ BBe^eHne 

+-> 

Moflejib ^^Kecj^pHca (Ha3biBaeMa5i TaioKe HMeHaMH JIeTep3Hxa hjih Oji- 

flpOHfla) HBJIHeTCH D,eHTpaJIbHOH B TeOpHH B5I3KOynpyrHX >KHflKOCTeft. Oiia H 

CB5i3aHHbiii c Heft Kjiacc MOflejieft onncbiBaeT noBefleHne TaKHx cpefl, KaK 6htv- 

Mbl, KpOBb, nOJIHMepbl H HX paCTBOpbl, TeCTO, 3eMHa5I KOpa, 6eTOH, CMa3KH H 

flp. HccjieflOBaHHe KpaeBbix, HanajibHbix h HanajibHO-KpaeBbix sa^an, onHCbi- 
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BaioiHHx CTaTHKy h flHHaMHKy 9thx MOflejieft conp5i>KeHO c 6ojibm,HMH MaTeMa- 

THHeCKHMH TpyflHOCTHMH, npeBbiniaiOin,HMH TaKOBbie flJItf H3BeCTHOH CHCTeMbI 

HaBbe-CTOKca, KOTopaa TaioKe nopo^KflaeT pajj, HepenieHHbix MaTeMaTunecKHx 
npo6jieM, Ha^HHaa c npo6jieMbi rjio6ajibHoro cyinecTBOBaHna rjiaflKoro penie- 
HH5i b cjiynae pa3MepHOCTH o6jiacTH 6ojiee flByx. 

/^aimaa pa6oTa nocBaiHeiia o63opy coBpeMeHHbix pe3yjibTaTOB h ocHOBHbiM 
HepenieHHbiM npo6jieMaM no ypaBHeHMM jj,BH)KeHH5i cpefl Tnna ^^Kecpcppnca. 
OTMeTHM, HTO HMeeTCH p5Ifl HeflaBHHX o63opoB [12J [HI, SD| HH EH, E0, EH ES, 
178] , KacaroiHHxcH 9Toft TeMbi, ho nocBaineHHbix 6ojiee o6ihhm hjih CMe>KHbiM 
BonpocaM, a noTOMy He pacKpbmaioiHHx 3Ty TeMaTHKy jj,oji>KHbiM o6pa30M. 
OnnnieM BHanajie paccMaTpHBaeMyio CHTyannio. 

HTaK, nycTb Q C M 3 - orpaHHHeHHbift cocyjj, c rpaHHneft F = dQ, nejni- 
kom 3anojiHeHHbift HeKOTopoft cpefloft, KOTopyio b jj,ajibHeftnieM 6yjj,eM Ha3bi- 
BaTb >KHjj,KOCTbio. }Knjj,KOCTb 6yjj,eM npeflCTaBJiHTb KaK coBOKynHOCTb MaTepn- 
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ajibHbix MacTHD,, 3anojiH5iK)iii,Hx cocyfl Q, npnneM 9th nacTHHbi 6yfleM c^HTaTb 

HaCTOJIbKO MaJIblMH, MTO HX MO)KHO OTOJKfleCTBJIHTb C TOHKxlMH o6T>eMa f2. 

Ilofl flBH>KeHHeM >KHflKOCTH Mbl 6yfleM nOHHMaTb flBHJKeHHe MaTepHajibHbix 

TO^eK oG^eMa £1. TaKHM o6pa30M, onncaTb nyTb, KOTopbift npoflejibmaeT Ka>K- 
flaH TOMKa oG^eMa f2 3a BpeMH to < t < T, 9to h osHanaeT onncaTb flBioKemie 

JKHflKOCTH 3a 9TO BpeMH. 

IlycTb b TpexMepHOM npocTpaHCTBe 3acpHKCHpoBaHa opToroHajibHan cncTe- 
Ma KOopflHHaT h ei, e2, e3 - BeKTopbi cooTBeTCTByiomero 6a3nca. Cocyfl c >KHfl- 
KOCTbio n 6yfleM paccMaTpnBaTb xax o6jiacTb b TpexMepHOM npocTpaHCTBe , a 
nojio>KeHHe flBH^KymeiicH tohkh oG^eMa f2 ( hjih, hto to »:e, nacTHnbi ^khako- 

CTH ) M05KHO OnHCblBaTb C nOMOIHblO BeKTOp-CpyHKHHH 

x(t) = xi(t)ei + x 2 (t)e 2 + x 3 (t)e 3 . 

5Icho, hto ecjin b HanajibHbiH momcht to nacTHua ^khakocth 3aHHMajia no- 
jio)KeHHe xo, a ee flBH>KeHHe onncbiBaeTCH c noMombio x(t), to x(to) = xo- 

Ka^Kfloft nacTHue o6T>eMa f2 cooTBeTCTByeT cboh BeKTop-cpyHKurm x(t) } onn- 
cbmaiomafl ee flBH>KeHHe. ^BioKeHHe jkhakocth 6y^eT onncaHO, ecjin 6ynyT 
HaftfleHbi Bee 9th BeKrop-cpyHKUHH x{t). 

3acpHKCHpyeM momcht BpeMeHH t. B stot momcht BpeMeHH nacTHua >KHfl- 
kocth, flBHraromancH no 3aKOHy x(t), HMeeT cxopocTb 

x(t) = x\(t)ei + x 2 (t)e 2 + xs(t)es. 

06o3HaHHM nepe3 v(t,x) - CKOpOCTb MaCTHUbl ^KHflKOCTH, HaXOflHIHeilCH B 

MOMeHT BpeMeHH t b TOHKe x. Tor^a 

x(t) = v(t, x(t)). 

OTCIOfla CJieflyeT, HTO eCJIH H3BeCTHbI CKOpOCTb flBH^KymeHCH >KHflKOCTH B 
Ka>KflOH TOHKe X G £1 B Ka>KflbIH MOMeHT BpeMeHH t, T.e. H3BeCTHa BeKTOp- 

(pyHKD,HH -u(t,x), onpeflejieHHan fljin Bcex x C £1 h t G [to , T 1 ] , to, fljin Toro 

HT06bI HaHTH BeKTOp-(pyHKU,HK) x(t), OnHCbIBaK)HJ,yiO flBHJKeHHe HaCTHUbl >KHfl- 

kocth, 3aHHMaiOHj,eH b HanajibHbiH MOMeHT to, nojio>KeHHe xo, Haflo peniHTb 
cjieflyiOHj,yK) 3aflany Kohih ajih BeKTopHoro flHCpcpepeHirnajibHoro ypaBHeHHH: 

^^ = v(t,x(t)), t>t , xeQ, 

X (t ) = Xq. 
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TaKHM o6pa30M, jjjih Toro, htoGm orracaTb jjBioKeHHe )khij,kocth, flocTaTOH- 
ho 3HaTb pacnpeflejieHHe CKopocTeft >khij,kocth b Ka>Kjj,OH tohkc x G £1 h b 

Ka>KflbIH MOMeHT BpeMCHH t G [^0 5 HJIH, MTO TO >Ke, 3HaTb BeKTOp-{pyHKD,HIO 

v(t, x). 

J\jik onpeflejieHHa BeKTop cpyHKu,HH v(t,x), ncxofla jih6o H3 npHHipina J\a- 
jiaM6epa, jih6o H3 BToporo 3aKOHa HbiOTOHa, hccjicokho BbiBOflHTca (cm. [9]) 
cjieflyiomee ypaBHemie, Ha3biBaeMoe o6iu,hm ypaBHemaeM flBH^KeHira cpeflbi h 
3anHCbiBaeMoe HH^Ke b BeKTopHoii (popMe: 



dv v dv 



at 



(o.i; 



3flecb /(£, x) - njiOTHOCTb BHeniHHx chji, fleftcTByiomHx Ha Hacrimbi cpe- 
flbi (HanpHMep, njiOTHOCTb nojra rpaBHTannoHHbix chji), p(t,x) - njiOTHOCTb 
5khjj,kocth, Th - TeH3op HanpH^KeHHH, a DivTjj(t,x) - ijHBepreHUHfl TeH3opa 
Tii(t,x), T.e. BeKTop 



/ A dT Hlj (t,x) \ 

dxj 

.7=1 
3 

E dT H2j (t,x) 
dxj 

3 

dT H3j (t,x) 



V =1 



3 



/ 



/ dT Hlj (t,x) \ 



dT H2 j(t,x) 
dx-j 



dT H3j {t,x) 
\ dxj J 



J\jlSl HeOKHMaeMOH ^KHflKOCTH C nOCTOflHHOH njIOTHOCTblQj HMeeTC5I HeCKOJIb- 

ko 6ojibiiie HH(popMaii,HH. Bo-nepBbix, jj,ji5i Hee 



dvj(t, x) 
divv{t, x) = 2_^ J } ■ J = 0. 



3=1 



dXn 



(0.2) 



Bo-BTopbix, cjiejj, TeH3opa Hanpa^KeHHii T# CMHTaeTca nojiHOCTbio He3aBH- 
CHMbiM ot xapaKTepncTHK flecpopMaipra, h b 9tom cjiynae yflo6HO BBecTH eme 
oflHy HeH3BecTHyio CKajiapHyio (pyHKu,HK> p(t, x) = — |TrT#, Ha3biBaeMyio jj,aB- 
jieHneM, h TeH3op 



(J = T H - ~TrT H I, 



(0.3) 



3 Hn>Ke mm, KciK npaBHJio, 6yp,eM KacaTbca hm6hho trkhx jKH^KOCTefi, ecjin He 6y^;eT oroBopeHO o6paTHoe. 
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Ha3biBaeMbift HHorfla TeH3opoM KacaTejibHbix HanpHJKeHHHL*. Oh xapaKTeproyeT 

CHJIbI BHyTpeHHerO TpeHHH B 3KH,3,KOCTH (3JJ,eCb I - eflHHHHHblH TeH3op). 

B-TpeTbHx, 6yn,eM CHHTaTb njiOTHOCTb nocT05THHOH h paBHoft eflHHime. 
3aMeTHM, hto Div(pl) = Vp. IlcoTOMy (0.1) c yneTOM cflejiaHHbix 3aMeHa- 
hhh h (0.3) npHHHMaeT bhjj, 

dv v^-v dv 



3to ypaBHeHHe TaK>Ke Ha3biBaK)T o6ihhm ypaBHeHHeM flBiDKeHHH HeoKHMa- 

eMOH Cpeflbl C nOCTOHHHOH njIOTHOCTbK). 

CaMbiM pacnpocTpaHeHHbiM h (pH3HHecKH o6ycjiOBjieHHbiM rpaHHHHbiM 

yCJIOBHeM JJ,JI5T 9THX ypaBHeHHH 5TBJI5ieTC5I yCJIOBHe npHJIHnaHH5I MaCTHD, 2KHJJ,- 

kocth k rpaHHD,e o6jiacTH (hjih, 6ojiee o6inp, hto CKopocTb CTpeMHTCH k Hyjiio 
npn npnGjiHJKeHHH k rpaHHne): 

v\oa = 0. (0.5) 

CucTeMa (0.2), (0.4) onHCbmaeT Te^eHne Bcex bhjj,ob HeoKHMaeMbix cpejj, c 
nocToaHHoii iuiOTHOCTbio, ho npn stom OHa coflepxHT fleBnaTop TeH3opa Ha- 

npH>KeHHH, KOTOpblft HBHO He Bbipa^KeH Hepe3 HeH3BeCTHbie V H p 9TOH CHCTeMbl. 

HtoGm Bbipa3HTb fleBHaTop TeH3opa HanpH^KeHHfi a nepe3 Hen3BecTHbie cncTe- 
mm (0.2), (0.4), Kax npaBHjio, Hcnojib3yK)T cooTHonieHHH Me^K/jy fleBHaTopoM 
TeH3opa HanpH>KeHHH a h TeH3opoM CKopocTeii jj,e(popManiiii 8 = (e^), rzje 

1 / dv; dvn\ 



Otmcthm, hto ycTaiiaBjiiiBaii cooTHOineHHe Me>Kfly fleBHaTopoM TeH3opa Ha- 
npHxeHHii h TeH3opoM CKopocTeii flecpopMaipra, TeM caMbiM ycTaHaBjiHBaeTCH 
Tnn cpeflbi. Taxne cooTHOineHHH Ha3biBaiOTC5T onpefleji5nom,HMH hjih peojiorn- 
necKHMH cooTHonieHHHMH. PeojiorHHecKHe cooTHonieHHH othochtch k pa3p5ijj,y 
rnnoTe3, KOTopbie ycTaHaBjiHBaiOTCfl, KaK npaBHjio, Ha ocHOBe SKcnepHMeHTOB 
hjih MeTOflOM MexaHHnecKHx MOflejieft (no noBOfly nocjieflHero MeTOfla 6ojiee 

nOJJ,po6HO CM. HH>Ke) H flOJDKHbl nOJJ,TBep>KJJ,aTbC5I flJIH KOHKpeTHblX ^KHflKOCTeft 

b pe3yjibTaTe onbiTHbix HccjieflOBaHHii. 

B TeneHHH nocjieflHHx nojiyTopa CTOjieTHfi ochobhbim o6b>eKTOM nccjiejj,OBa- 

HHH MaTeMaTHKOB B o6jiaCTH rHflpOflHHaMHKH HBJIHeTCH MOflejIb HblOTOHOBCKOH 



4 XoTH 3TO He COBCeM KoppeKTHbiii TepMHH 



>KHflKOCTH. Ee peojiorH^ecKoe cooTHonieHHe (b ,, Hec:>KHMaeMOH ,, CHTyanHH) HMe- 
eT BHfl: 

a = 2uS, v > 0, 

Tfle V - KHHeMaTHMeCKHH KOSCpCpHUHeHT BH3KOCTH. EcjIH Mbl nOflCTaBHM 9TO 

cooTHonieHHe b (0.4), to, ynHTbiBan (0.2), nojiynHM xoponio H3BecTHyio ciiCTeMy 
ypaBHeHHft HaBbe-CTOKca: 

OHa onHCbmaeT TeneHHe npn yMepeHHbix ckopocthx 6ojibiiioro nncjia BCTpe- 
naioinHxcH Ha npaKTHKe bh3khx HeoKHMaeMbix >KHflKOCTeft. Ho y>Ke b cepeflHHe 

XIX BeKa CTajIH H3BeCTHbI TaKHe JKHflKOCTH, KOTOpbie He nOflHHHHIOTCH HbK)- 

TOHOBCKOMy onpeflejinioineMy cooTHonieHHio. TaKOBbiMH hbjihiotch, HanpHMep, 
>KHflKOCTH, b KOTopbix nocjie npeKpameHHH flBH>KeHH5i Hanp5i>KeHH5i He o6pa- 
inaiOTCH MrHOBeHHO b Hyjib, a cnaflaiOT no HeKOTopoMy 3aKOHy, to ecTb HMeeT 
MecTO pejiaKcannn Hanp5DKeHHn; a TaioKe jkhakocth, b KOTopbix nocjie chhthh 
Hanp5i>KeHHH flBHxeHne He npeKpainaeTCH MraoBeHHO, a 3aTyxaeT no HeKOTO- 
poMy 3aKOHy, to ecTb HMeeT MecTO 3ana3flbiBaHne flecpopMannft; n jkhakocth, 
b KOTopbix HMeiOT MecTO 06a 3thx 3(p(peKTa. Pa3jiHHHbie MOflejin TaKHx cpefl, 
ynnTbiBaiom,Hx npeflbiCTopnio flBH>KeHHH, 6bijin npefljio^ceHbi b XIX Bexe JJjk. 
MaKCBejuiOM, B.KejibBHHOM, B.QonrroM, a b XX Bexe /J^KecpcppncoM [48], Jle- 
Tep3nxoM [23], OjiflpofiflOM [59], JlapcoHOM [79] h flpyrnMH. 

IlepBbie flBa nyHKTa flaHHoii pa6oTbi CBH3aHbi c MOflejinpoBaHneM bh3ko- 
ynpyrnx cpefl, b TpeTbeM flaH o6innn o63op MaTeMaTnnecKnx nccjieflOBaHnn no 
MOflejiHM Tnna /JxecpcppHca, a b nocjieflyioinnx pnfl pe3yjibTaTOB, yKa3aHHbix b 
TpeTbeM nyHKTe, H3jio>KeH 6ojiee fleTajibHO. B nocjieflHeM nyHKTe o6cy^KflaiOTCH 
KjnoneBbie HepenieHHbie npo6jieMbi. 



1 IIpHHIJHn oSljeKTHBHOCTH 

3TO OflHH H3 OCHOBHblX npHHUIfflOB paUHOHajIbHOH MexaHHKH, KOTOpblH Bbl- 

paxaeT tot cpaKT, hto CBoftcTBa MaTepnajia He 3aBHCHT ot Bbi6opa Ha6jiK)fla- 
TejiH. Ha ocHOBe SToro npnHnnna nojrynnjin o6ocHOBaHne xax pafl H3BecTHbix 
paHee MOflejien, Tax bo3hhkjih h hx o6o6m,eHHH. OnnmeM xpaTKO stot npnHnnn 
n (paKTbi, KOTopbie H3 Hero BbiTexaiOT. 
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Ha6jiioflaTeji5i b panHOHajibHoft MexaHHKe OTO>KflecTBji5iioT c cncTeMoft ot- 
cneTa, T.e. hckhm npaBHjiOM, conocTaBjiHioiHHM Ka^Kfloft tohkc npocTpaHCTBa 
sjiGMeHT x npocTpaHCTBa i? 3 , a Ka>KflOMy MOMeHTy BpeMeHH sjicmcht t hhcjio- 

BOH OCH. IlpH H3MeHeHHH Ha6jIIOflaTejI5I CHHTaeTCH, HTO COXpaHHIOTCH MeTpHKH 

b i? 3 h Ha hhcjioboh och, h coxpaHneTCH HanpaBjieHHe BpeMeHH. Tor^a caMoe 
o6inee H3MeHeHne KoopflHHaT Ka^Kfloft tohkh HMeeT bh^ 

t*=t + a, (1.1) 

x* = x* (t)+Q(t)(x-x ), (1.2) 

rfle a - HeKOTopoe 3HaneHHe BpeMeHH, xq - HeKOTopan TOHKa b npocTpaHCTBe, 
x^t) - HeKOTopan (pyHKUHH BpeMeHH co 3HaneHHHMH b TOHKax npocTpaHCTBa, Q 

- (pyHKHHH BpeMeHH, 3HaHeHHHMH KOTOpOH 5TBJI5TIOTCH OpTOrOHajIbHbie TeH30pbI. 

3aMeHa Ha6jiioflaTejiH HHflynnpyeT HeKOTopoe npeo6pa30BaHHe BeKTopos h 
TeH3opoB. IlpHHHHn o6t>6kthbhocth yTBep>KflaeT, hto (popMyjibi, Bbipa»:aiOHJ,He 
(pH3HnecKHe CBoftcTBa Tejia h coflep>KaiHHe BpeMH t, TOHKy x h hx pa3JiHHHbie 
(pyHKD,HH, He flOji>KHbi MeHHTbca npH npeo6pa30BaHHHx (1 . 1)-(1 .2) . 

IlycTb HMeeTCH BeKTop, hbjihioihhhch reoMeTpHnecKHM, T.e. npeflCTaB- 
jihioihhm H3 ce6n HanpaBjieHHbift OTpe30K, cyinecTByioiHHH He3aBHCHMO 
ot Ha6jnoflaTejiH. IlycTb b nepBoft cncTeMe OTcneTa oh HMeeT bh^ 
w = x\x\. Torfla b hoboh cncTeMe OTcneTa w* = x\x\ = 
Xo(t) + Q(t)(xi - xo), xl(t) + Q{t)(x 2 - Xq) = Q(t)x\X*2 = Q(t)w 

Ecjih >Ke T - TeH3op, nepeBOflHiHHH reoMeTpHnecKne BeKTopbi b reoMeTpn- 
necKHe, to HMeeM b nepBoii cncTeMe OTcneTa: 

w\ = Tw 2 , 

rfle W\ h W2 - flBa npo6Hbix reoMeTpHHeciarx BeKTopa. Tax KaK fljin opToro- 
HajibHoro TeH3opa Q(t) HMeeT mccto paBeHCTBO Q(t) T Q(t) = /, to nojiynaeM 

w\ = Q(t) Wl = Q(t)TQ(t) T Q(t)w 2 = T*w* 2 , 

r fl e T* = Q(t)TQ(t) T . 

HcxoflH H3 Bbinie HanncaHHoro, 6yfleM Ha3bmaTb BeKTopH03HaHHyio (pyHK- 

UHK) W BpeMeHH H TOHKH He 3aBHCHHJ,eft OT Ha6jHOflaTejIH, eCJIH ee KOOpflHHaTbl 

npn H3MeHeHHH CHCTeMbi OTcneTa (1.1)-(1.2) npeo6pa3yiOTCH cjieflyioiHHM 06- 
pa30M: 

w*(t*,x*) = Q(t)w(t,x), 
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a TeH3opH03HaHHyio (pyHKHHio T He saBHCHineft ot Ha6jno,a,aTeji5i, ecjin cnpa- 
BefljiHBO paBeHCTBo: 

T*(t*,x*) = Q{t)T{t,x)Q{t) T . 

PI 3 MexaHHKH H3BeCTHO, HTO TeH30p HanpH^KeHHH Tff HBJIHeTCH TaKOBblM. 

CKajinpHan (pyHKnnn A BpeMeHH h tohkh Ha3biBaeTCH He 3aBHC5nn,eii ot Ha- 
6jnoflaTejiH, ecjin npn H3MeHeHHH cncTeMbi OTcneTa OHa ocTaeTCH Hen3MeHHOH: 

A*{t*,x*)=A{t,x). 

IlpHMepoM Taxoii (pyHKHHH HBjiHeTCH njiOTHOCTb p(t,x). 

JX&jiee, Hapnfly c oahhm H3 Ba^KHeiiiiiHx TeH3opoB rnflpoflHHaMHKH, TeH30- 
poM CKopocTeii flecpopMauHH £ = £(v) = (eij) = (eij(v)), b rnflpoflHHaMH- 
xe Hcnojib3yeTCH h TeH3op, Ha3biBaeMbra TeH3opoM 3aBnxpeHHOCTH W(t,x) = 
(wij(v)), rfle 

I ( dvi dvj\ 

Wi ' (v) = 2{d^-d^J- 
TaKHM o6pa30M, TeH3op CKopocTeii fle(popMaii,HH £ HBjineTCH CHMMeTpHne- 

CKOft T iaCTbK) MaTpHEbl 5Iko6h (jfo-^J , a TeH30p 3aBHXpeHHOCTH W KOCOCHMMeT- 
pHHeCKOH HaCTbK) 9TOH MaTpHHbl. 

J\jin npoBepKH peojiorHnecKHx cooTHonreHHH Ha o6b>eKTHBHOCTb Hcnojib3y- 
eTca cjieflyioinee yTBep^KfleHne o npeo6pa30BaHHH npn H3MeHeHHH Ha6jnoflaTe- 

JIH TeH30pOB CKOpOCTeft fleCpOpMaUHH H 3aBHXpeHHOCTH. 

TeopeMa 3apeM6bi-3opaBCKoro. Etpn H3MeHeHHH cncTeMbi OTcneTa 
(1.1)-(1.2) hmctot MecTO cjieflyioiHHe npeo6pa30BaHHH: 

S\t\x*) =Q(t)£(t,x)Q(tf, (1.3) 



W*(t\ x*) = Q(t)W(t, x)Q(t) T + Q\t)Q(t) T , 
T.e. TeH3op CKopocTeii flecpopMauHH He 3aBHCHT ot Ha6jno,a,aTeji5i, a TeH3op 

3aBHXpeHHOCTH OT HerO 3aBHCHT. 

KaK Mbi y>Ke OTMenajin, TeH3op HanpHJKeHHft Tji He 3aBHCHT ot Ha6jiK)fla- 
TejiH. H3 9Toro cjieflyeT, hto TeH3op KacaTejibHbix Hanpa>KeHHH a TaK>Ke He 
3aBHCHT ot Ha6jnoflaTejiH. B caMOM flejie, 

a* =T* H - ^TrT* H I = 
= Q(t)T H Q(t) T - ^Tr(Q(t)T H Q(tf)I = Q(t)T H Q(tf- 



-\ J2 ^HjkQikl = Q(t)T H Q(tf - i [Q(tfQ(t)}jkT Hj kI 




= Q(t)T H Q(t) T 5 3k T H] kI = 



J,k=l 



= Q(t)T H Q(ty - -TrTuI = Q(t)aQ(t) 




(1.4) 



A H3 (1.3) cjieflyeT, hto 



£ = Q{ty£'Q(t). 



(1.5) 



2 Ba30Bbie MO,a;ejiH ^BH^ceHna B33KoynpyrHx >kh/j,ko- 



J^jisi onpeflejieHHH peojiorH^ecKHx cooTHOineHHft, onHCbiBaioiHHx flBioKemie 
B5i3KoynpyrHx ^KHflKOCTeft, ^acTO npHMeH5ieTC5i MeTOfl MexaHH^ecKHx MOflejieft. 
KpaTKO onnnieM cymHOCTb SToro MeTOfla. 

OcHOBHbie CBoftcTBa fljifl peojiorHH — ynpyrocTb, B5i3KOCTb h njiacTHHHOCTb. 
npeflCTaBJieHHH ynpyrocTH Hcnojib3yeTca cnnpajibHafl npyjKHHa. ^jth Hee 
HMeeT MecTO 3aKOH Tyxa: yzyiHHeHHe npy:>KHHbi np^MO nponopu,HOHajibHO npn- 
jio>KeHHOH k ee KOHuaM CHjie. 3vy MOflejib 6yfleM oGosHa^aTb 6yKBoft H . J\jik 
npeflCTaBjieHHH bh3kocth Hcnojib3yeTC5i MOflejib b BHfle npo6npKH, 3anojraeH- 
hoh B5I3KHM MacjiOM, b KOTopoft CBo6oflHO nepeMemaeTC5T nopmeHb. CxopocTb 
nopniHa (oTHOCHTejibHO Macjia) np^MO nponopu,HOHajibHa npnjio>KeHHOH cnjie. 
3Ta MOflejib o6o3HaMaeTC5i N . Mc-flejib fljra njiaerHHHOCTH HaM He noTpe6yeTca. 

J\jik nocTpoeHHa MOflejieii Teji co cjicokhmmh peojiorHnecKHMH CBoiicTBa- 
mh mcokho coeflHHHTb 9th sjieMeHTbi napajijiejibHO (o6o3HaHaeTC5i | ) hjih no- 
cjieflOBaTejibHO (o6o3HaHaeTC5i — ). ITpn napajuiejibHOM coeflHHeHHH Harpy3KH, 
BOcnpHHHMaeMbie Ka^KflbiM sjieMeHTOM, CKjiaflbmaiOTca, a ckopocth yzyiHHeHHfl 
xa>Kfloro ajieMeHTa c-flimaKOBbi. ITpn nocjieflOBaTejibHOM coeflHHeHHH CKjiaflbi- 

BaiOTC5I CKOpOCTH yflJIHHeHHfl 9JieMeHTOB, H Ka^KflblH H3 HHX nOflBepraeTCfl OflH- 

HaKOBoii Harpy3Ke. 

J\jik peojiornnecKHx cooTHonreHHH HyjKHbi He chjim h ckopocth, a Hanpa- 
^KeHne h ckopocth flecpopMannn. 3flecb Hy^KHO BcnoMHHTb, hto Hanieii nejibio 



CTen 
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HBjraeTCH MOflejinpoBaHHe peajTbHbix BH3KoynpyrHx >KHflKOCTeft. Tpy6o tobo- 

pH, 9TH JKHflKOCTH npeflnOJiaraiOTCH COCTOHHTHMH H3 MHKpOKOMnjieKCOB H3 Ma- 

jieHbKHx npy^KHHOK h npo6npoK c nopniHHMH. IIo9TOMy mm jj,oji)KHbi iiohh- 
MaTb Hanp5i>KeHHe h CKopocTb flecpopMannn Tax, htoGm 9to corjiacoBajiocb c 
cooTBeTCTByK)m,HMH onpeflejieHHHMH 9thx noHHTHft jijih peajibHoii jkhjxkocth. 
Hcxojih H3 9Toro, onpeflejiHM Hanp5i>KeHHe a (b npysame hjih b npoGapxe c 
nopniHeM) KaK OTHOineHne cnjibi conpoTHBjieHHH (KOTopan paBHa no MOJxyjiK) 
npHjiojKeHHoft cnjie) k njioinaflH nonepenHoro ceneHHH (npystHHbi hjih nopui- 
hh), a CKopocTb fle(popMau,HH £ KaK nojiOBHHy OTHOineHHH ckopocth (nopniHH 
b Macjie hjih H3MeHeHH5i fljiHHbi npy>KHHbi) k xapaKTepHoii (cpeflHeii) npoflojib- 
hoh fljiHHe npo6npKH c nopniHeM hjih npy>KHHbi. 

Tenepb Heo6xojj,HMO 3anncaTb cooTHonieHHH Me>Kjj,y HanpH)KeHHeM h CKopo- 
CTbio jj,e(popMau,HH fljra npystHHbi h npo6npKH c nopniHeM. npo6npKH c 
nopnmeM 9to coBceM npocTo: Tax KaK cnjia nponopnHOHajibHa ckopocth, to 
Hanpn>KeHHe nponopnnoHajibHO ckopocth flecpopManHH 

a N = 2r]S N . (2.1) 

OTMeTHM, HTO 3JJ,eCb J] HMe6T (pH3HHeCKHH CMblCJI B5T3KOCTH. 

Ycjiobkmch jj,jih MexaHHnecKHx MOflejieft o6o3HaHaTb npoH3BOjj,Hyio no Bpe- 
MeHH TOHKoft. npojj,H(p(pepeHirHpoBaB no BpeMeHH 3aKOH TyKa jijih npysaiHbi, 
nojiynnM, hto npoH3BOJj,HaH ot chjim nponopnHOHajibHa ckopocth H3MeHeHHH 
fljiHHbi npy^KHHbi. IlosTOMy npoH3BOJj,HaH ot HanpH»:eHH5i nponopnHOHajibHa 
ckopocth jj,e(popMau,HH 

o n = 2fj£ H . (2.2) 

K09(J)(pHLI,HeHTbI nponopil,HOHajIbHOCTH fl H r/ o6bIHHO nOJIOJKHTejIbHbl. 

Han6ojiee npocToft KOHCTpyKH,Hen MOflejin BH3Koynpyron jkhjxkocth hbjih- 
eTC5i Tejio MaKCBejuia (c chmbojibhoh 3anHCbio M = H — N): nocjieflOBaTejibHO 
coeflHHeHHbie npy>KHHa h nopuieHb. B breeze m peojiornnecKoe cooTHonieHHe jijih 
Tejia MaKCBejuia. 9Toro bchomhhm, hto npn nocjieflOBaTejibHOM coeflHHe- 

HHH HanpH)KeHHe nOCTOHHHO 

OM = <?N = <7H, (2-3) 
a CKOpOCTH fle(pOpMaD,HH CKJiaflblBaiOTCH 



£m — £h + £n- 
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(2.4) 



H3 paBeHCTB (2.3) - (2.4) cjieflyeT, hto 

c ct'm o m 

£m = + v 

OTKyfla nojrynaeM, hto peojiorHnecKoe cooTHOineHHe fljia Tejia MaKCBejuia 

HMeeT BHfl 

t 

om = (a Mo + 2/i / e^ s S M (s) ds), 

o 

rfle ctm ecTb Hanp5i>KeHHe b HanajibHbiH momcht BpeMeHH (3flecb h HHsce 6yfleM 

CHHTaTb, HTO 9TO MOMeHT t = 0). 

OflHHM H3 THnHMHbix npeflCTaBjieHHft MOflejieft B5i3KoynpyrHx :>KH,z],KOCTeH 
HBjineTCH MOflejib ^JjKecpcppnca J = M\N: napajuiejibHO coeflHHHioTCH MOflejib 
MaKCBejuia, cocTonmaH H3 nocjieflOBaTejibHO coeflHHeHHbix npy^KHHbi h nopni- 
hh, h eme o,z],hh nopmeHb, npnneM bh3kocth cpeflbi b flByx pa3Hbix npo6npKax 
MoryT pa3jiHHaTbCii; mm o6o3HaMHM hx r}\ h 772. HTax, HMeeM fljia MaKCBejuiOB- 
ckoh cocTaBji5nom,eH Tejia ^jKecpcppnca: 

om = ^a Mo + 2fi J e ^ S ^( s ) ds j > ( 2 - 5 ) 

a flJIfl HblOTOHOBCKOH COCTaBJIHIOmeH 

a N = 27/ 2 ^iv- (2.6) 
Ho npn napajuiejibHOM coeflHHeHHH nojiynaeM: 

oj = om + on, (2.7) 
£j = £m = £n- (2.8) 

PaBeHCTBa (2.5)-(2.8) BjiexyT 



oj = e ( a Mo + 2^i y e^ s £j(s) ds J + 2t/ 2 ^j- 



(2.9) 



06o3HaMHM Hanp5i>KeHHe h CKopocTb flecpopMauHH Tejia ^jKecpcppnca b HyjieBoii 
MOMeHT BpeMeHH nepe3 aj h Sj . IIojio^khb b (2.9) t = 0, nojryHHM paBeHCTBo: 

0J O = o"m + 2r/ 2 £j . (2.10) 
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Ms (2.9) h (2.10) cjieflyeT 

a Jo - 2 m S Jo + 2fiJ £j(s)e% s ds J + 2r] 2 Sj. 



dj = e ''i 



o 

3to peojiorH^ecKoe cooTHonieHHe fljia Tejia ^JKecpcppnca c hbho Bbipa>KeHHMM 
HanpH>KeHHeM. Bojiee TpaflHinioHHa flpyraa (popMa peojiorH^ecKoro cootho- 
nieHHH, KOTopyio mm ceft^ac BbmefleM. npoflHCpcpepeHnHpyeM no £ BbipajKeHHe 
(2.9): 

crj = - ^-e _ £' L Mo + 2 ^ / e ™ S ^( s ) ds I + 2 % f J- (2.11) 

C flpyroft ctopohm, H3 (2.9) cjieflyeT: 

t 



—e-t 
e 11 



a Mo + 2fiJ e^ s Sj{s) ds \ = aj - 2 m Sj. (2.12) 



PaBeHCTBa (2.11) h (2.12) BjiexyT 

&j = 2/iSj (a j - 2r]2Sj) + 2rj 2 £j. 

m 

Ymhoxhm 9to Ha -jj h nepeHeceM HjieH aj b jieByio nacTb: 

crj H ctj = 2(t/i + r/2)c.j + 2 Sj. 

06o3HaMHM Ai = ^, A2 = M (^ 1 1 + 7?2 ) ? = ^1 + ^2- Tor^a sto nepennnieTca b 
BHfle 

a j + Aidj = 2r /J (£: J + A 2 £j). (2.13) 

3to h ecTb flpyraa (popMa peojiorHnecKoro cooTHOineHHH fljiH Tejia JJjKefy- 
(ppnca, KOTopyio mm h 6yfleM Hcnojib30BaTb b flajibHeftnieM. 

YpaBHeHHe (2.13) aBjiaeTca peojioniHecKHM TaK>Ke h fljiH Tejia JleTep3Hxa c 
CHMBOJiH^ecKoft 3anHCbK) (A^|_fT) — AT, rfle on^Tb >Ke bh3kocth flByx nopnmeft 
TV MoryT pasjinnaTbCH. 

JX&jiee, npHMeHeHne nojiyMeHHbix heimh MOflejieii fljia onHcaHM >KHflKOCTeii, 
KOTopbie HaxoflaTca b peajibHOM TpexMepHOM npocTpaHCTBe, Tpe6yeT ocmmc- 
jieHHa nojiyMeHHbix ypaBHeHHii b CHTyaipra TpexMepHoro npocTpaHCTBa. Otmc- 
thm, mto Bee o6cy>KflaeMbie HH>Ke ypaBHeHM MoryT paccMaTpHBaTbca b npo- 

CTpaHCTBaX npOH3BOJIbHOH pa3MepHOCTH H TOT (paKT, MTO MM flO STOrO MO- 
MeHTa H HHJKe TOBOpHM O TpeXMepHOM npOCTpaHCTBe, o6T>5ICH5ieTC51 JIHHIb TeM, 
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HTO HMeHHO 3Ta CHTyaHHH HMeeT (pH3HHeCKHH CMblCJI (xOTH npH HCCJieflOBaHHH 

njiocKonapajuiejibHbix TeneHHft hjih TeneHHft b y3Koft o6jiacTH nacTO GbmaeT 
nojie3HO npnGeraTb k jjByMepHbiM MOflejiHM). 

ripo6jieMa coctoht b tom, KaK noHHMaTb cocTaBJiHioiHHe nojiyneHHbix heimh 
peojiornnecKHx cooTHOHieHHft, HanpHMep (2.13), b TpexMepHOM cjiynae. Otbot 
TaKOB: epeMena peAaKcai^uu Ai h 3ana3dueanuM Asu, a TaK»ce ea3Kocmb Tejia 

^^eCpCppHCa T] OCTaiOTCH CKajIHpHblMH BeJIHHHHaMH, H HX MO)KHO fla>Ke H3- 

MepHTb jijih KOHKpeTHbix MaTepnajiOB; Hanpa>KeHHe h CKopocTb flecpopManHH 
ecTecTBeHHO noHHMaTb KaK TeH3op KacaTejibHbix Hanpa^KeHHH h TeH3op CKopo- 
CTeft flecpopMaijHH. OcTaeTCH jinnib Bonpoc o tom, KaK noHHMaTb npouseodnyw 
no BpeMeHH, o6o3HaHaBinyiocH tohkoh. Ojj,H03HaHHoro OTBeTa Ha stot Bonpoc 
HeT, B03MO>KHbi BapnaHTbi , h ot Bbi6opa TaKoro BapnaHTa 3aBHCHT nojrynaeMaH 
MOflejib. 

Han6ojiee npocTan CHTyairHH, c MaTeMaTHnecKoft tohkh 3peHHH, B03HHKaeT, 
ecjiH no/j, npoH3BOflHofi o6o3HaHaBHieHCH tohkoh b (2.13), noHHMaTb nacTHyio 
npoH3BOj_nryio no BpeMeHH. ilojiynaioiHeecH b stom cjiynae peojiorHnecKoe ypaB- 
HeHne 

CT+Al |. 2 ,( £+A2 g ( , 14) 

(3flecb h HH>Ke mm onycKaeM HHfleKC J b peojiorHnecKOM cooTHOHieHnn) cbh- 
3bmaeT TeH3opbi KacaTejibHbix Hanpn^KeHHH h CKopocTeft jj,e(popMan,HH h hx 

H3MeHeHHH B Ka^KflOH KOHKpeTHOH reOMCTpHHeCKOH TOHKe npocTpaHCTBa.9TO 

cynj,ecTBeHHO orpaHHHHBaeT Kjiacc cpejj,, onncbiBaeMbix jjaHHoii MOflejibio (cm 

EflO 

Bojiee ecTecTBeHHbiM c (pH3HHecKOH tohkh 3peHHH npeflCTaBjiHeTCH nojjxojj,, 
Korfla peojiorHnecKoe cooTHonieHne CBH3biBaeT 3th TeH3opbi co ckopocthmh hx 
H3MeHeHHH fljiH Ka>Kjj,oft KOHKpeTHoft HacTHHbi. ^jih ero peajiH3anHH Heo6xo- 

flHMO 3aMeHHTb npOH3BOJJ,HyK), 0603HaHaBHiyK)C5I B (2.13) TOHKOH, Ha nojiHyio 

hjih, KaK eine roBopnT, cy6cTaHUHOHajibHyio npoH3BOjj,Hyio ^ = ^ + v ■ grad, 
T.e. b 9tom cjiynae peojiorHnecKoe cooTHonieHne npHHHMaeT bhjj, 

a + Xl ± = 2 V ( £ + X 2 ± £ ). (2.15) 

Bbipa>KaH a hhcto (popMajibHO H3 jiaHHoro cooTHonieHHH h noflCTaBJinn ero 
Bbipa>KeHHe b ypaBHeHHe (0.4), npnxoflHM k chctcmc ypaBHeHHft cjie/xyioiHero 



1 H3 BbiinenpHBe,neHHbix paccyjK,a;eHHH cneflyeT, ^to Ai > A 2 ; 3to b ,n;ajibHeiiiiieM npe^nojiaraeTca no 

yMOJIHaHHK). 
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BHfla: 

t 



i=l 2 1 1 

+ gradp = / + e-^Div[a (Z( V )(0; *, a;)) - 2i^£b (^M(0; *, a;))], (2.16) 

divt> = 0. 

ypaBHeHHH 9TOH CHCTeMbI COflepjKaT He TOJIbKO HeH3BeCTHbie CKOpOCTH flBH- 

>KeHH5i t> h flaBjieHHH p } ho h H3BecTHbie TpaeKTopHH flBHJKeHHH HacTHD, cpeflbi 
z(t) = Z(v)(T;t,x), onpeflejineMbie nojieM CKopocTeft. 

HccjieflOBaHne xax cjia6bix, Tax h cnjibHbix peineHHii HanajibHO-KpaeBOH 3a- 
fla^n fljia ypaBHeHHH flBH^KeHHH (2.16) HaTajiKHBaeTCH Ha Ty TpyzniocTb, hto 
nojie CKopocTeii, onpeflejineMoe penieHneM 3aflanH, He no3BOjiHeT BOCCTaHOBHTb 
TpaeKTOpHH flBH^KeHHH HaCTHD, hjih me TpaeKTopHH He o6jiaflaiOT CBOHCTBOM 
eflHHCTBeHHOCTH H peryjIHpHOCTH, Heo6xOflHMbIM flJIH HCCJieflOBaHHH MOflejIH. 

OflHaKO OKa3biBaeTCH, hto Bbipa>KeHHe (2.13) He H3MeHneT (popMy npn 3a- 
MeHe nepeMeHHbix (1.1) h (1.2) jinnib TOjibKO Tor^a, Kor^a no,a, tohkoh b peo- 
jiorHHecKOM cooTHonieHHH (2.13) Mbi 6yfleM noHHMaTb Tax Ha3biBaeMyio oGb.- 
eKTHBHyio npoH3BOflHyio. IlpHBefleM ee onpeflejieHHe. IlycTb T(t, x) - npoH3- 

BOJIbHaH TeH30pH03HaHHa5I (pyHKUHH, He 3aBHCHHJ,a5I OT Ha6jIK)flaTejI5I. 

Onpe/jejieHHe. OnepaTop BH^a 

DT(t,x) dT(t,x) , , m/ 

K Dt J = — ^ + G{Vv{t, x),T(t, x)), 

rfle G -HeKOTopan MaTpHHH03HaHHaH (pyHKHHH flByx MaTpHHHbix apryMeHTOB, 
Ha3biBaeTCH o6b>eKTHBHoii npoH3BOflHoii, ecjin npn jiio6om H3MeHeHHH CHCTeMbi 
OTcneTa (1.1)-(1.2) BbinojiHeHO paBeHCTBO 

flJIH BCeX B03MO>KHbIX (pyHKUHH T. 

3aMenaHHe. Chmboji o6o3HanaeT npeflCTaBjieHne onepaTopa b ho- 
boh CHCTeMe KOopflHHaT, T.e. Bbipa>KeHHe BHfla 

r ]* r r* Fit 1 * ^ fit 1 * 

— + G((V«)*, T') = w + Y / vf^ + G((Vv)\ T«). 

1=1 1 
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Bbi6op (pyHKu,HH G ocym,ecTBji5ieTC5i Ha ocHOBe pasjiHHHbix MexaHH^ecKHx 
h onbiTHbix coo6pa»:eHHH. 

Hmc-51 HeKOTopyio oG^eKTHBHyio npoH3BO,zrHyio j^, mwkho ot (2.13) nepeftTH 
k onpefleji5iioiii,eMy cooTHOineHHK) 

a + X 1 ^ = 2r ] (S + X 2 ^). (2.18) 
Taxoe onpefleji5iioiii,ee cooTHOineiiiie y:>Ke yflOBJieTBopaeT npHHUTiny oG^eK- 

THBHOCTH. ^eftCTBHTeJIBHO, nOflCTaBJI5I5I B (2.18) IipeflCTaBJieHHfl (1.4) II (1.5) H 

nojib3y5icb CBOHCTBOM (2.17) oG^eKTHBHoft npoH3BOflHoft, nojiynaeivi: 

Q(tfa*Q(t) + X 1 Q(t) T ^Q(t) = 

2r ] (Q(t) T £*Q(t) + A 2 Q(*) T — Q(t)), 



hto Bjie^eT 



D*a* ( D*f* 

a* + \ 1 ^- = 2r ] (e* + \ 2 - t 



Dt* 1 \ Dt* J 

CaMbiii npocToii npnivtep oGtsCkthbhoh npoH3BO,a,Hoft TeH3opa sto npoH3BOfl- 
Haa 51yMaHHa: 

D<>T ^ X) = ^jft + T(t, x)W(t, x) - W(t, x)T(t, x). 
Oiia TaK«e Ha3biBaeTC5i KopoTau,HOHHOH. 

Mo^kho noKa3aTb [79], hto BcaKaa o6b>eKTHBHa5i npoH3BOflHa5i mojkct 6biTb 
npeflCTaBjieHa b BHfle 

rfle G\ - MaTpiiMHOSHaMHaH (pyHKurm flByx MaTpHMHbix apryMeHTOB. Cmmcji 
3Toro npeflCTaBjieHHH aaKjiioMaeTCH b tom, mto jiio6a5i oG^eKTHBiiaH npoH3- 
BOflHaH ecTb cyMMa npoH3BOflHoft 51yMamia h Bbipa>KeHii5i, He 3aBHC5nu,ero ot 

TeH30pa 3aBHXpeHHOCTH W . 

IlpocTeiiniee o6o6ineHiie npoH3BOflHoft 51yMamia - npon3BOflHa5i Ojiflpoftfla, 
3aBHC5iiii,a5i ot napaMeTpa a G [—1,1]: 

^§ = ^§-a{£T + T£). (2.19) 

Ilpii a = 3to npoH3BOflHa5i 51yMaHHa. ITpn a = 1 npoH3BOflHa5i (2.19) 
Ha3biBaeTC5i BepxHefi kohbcki^hohhoh, a npn a = — 1 hh^khch kohbcki^hohhoh. 
O 6ojiee cjio^khmx MOflejiax Tuna /^5Ke(p(ppHca penb noftfleT hhjkc 
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3 06id;hh o63op coBpeMeHHoro cocToaHHa MaTeMaTH- 
necKHx HCCJie^OBaHHH no MO/jejiaM Tima ,H»ce4)c|> 
puca 

HcTopH^ecKH nepBbiM H3yMajiC5i npocTefiniHii cjiy^aii, T.e. KpaeBaa 3afla- 
na "c MacTHoii npoH3BOflHoft"(0.2),(0.4),(0.5),(2.14), npnneM nocjieflHee coot- 
HOineHne Hcnojib30Bajiocb He^BHo: a Bbipa^Kajiocb Mepe3 v h noflCTaBjrajiocb 
b ypaBHeHne flBH^KeHH5i (0.4), npn stom HHorfla BbiGpacbiBajincb HeKOTopbie 
(no 6ojibinoMy cneTy, Hecym,ecTBeHHbie) cjiaraeMbie. B stom cjiynae CHTyau,H5i 
cxoflHa co cjiynaeM HaBbe-CTOKca (T.e. MHorne pe3yjibTaTbi, H3BecTHbie fljra 
HaBbe-CTOKca, TaioKe HMeiOT MecTo), HanpHMep, b flByMepHOM cjiynae HMeeT- 
C5i eflHHCTBeHHoe cuAbHoe penieHHe HanajibHO-KpaeBOH 3aflanH npn Bcex Ha- 
najibHbix CKopocTax, h ,o,ji5i hhx mo^kho nocTpoHTb rjioGajibHbiii aTTpaKTop, a 
b TpexMepHOM ecTb (TaioKe rjio6ajibHoe no BpeMeHn) c.fia6oe peineHne, hjih jio- 
KajibHoe no BpeMeHH cnjibHoe penieHne. H3 HanGojiee Ba>KHbix 3flecb otmcthm 
pa6oTbi pD, [EI2, EH, E2, EHl 12, E3, E6] (nocjieflHne Tpn nocB5im,eHbi 6ojiee o6m,eMy 
cjrynaio HejinHeftHofi B5i3KoynpyrocTH, Kor^a p5ifl KOSCpcpiiiriieHTOB 3aBncnT ot 
xapaKTepncTHK ckopocth, Hanp. TeH3opa CKopocTeft flecpopMannn). 

Ilofl cnjibHbiM n cjia6biM peineHneM b pa3Hbix pa6oTax (mm HMeeM b BHfly 
Bee paGoTbi, onncbiBaeMbie b stom nyHKTe, He TOjibKO cjiynaii c nacTHoii npo- 

H3BOflHOfi) nOHHMaiOT HeCKOJIbKO pa3HOe, HO flJIH CHJIbHOrO Ba»CHO Hajinnne, 

no KpaftHeft Mepe b co6ojieBCKOM CMbicjie, Bcex npon3BOflHbix, BCTpenaiom,Hx- 
C5i b ypaBHeHHHx. CnjibHoe penieHne, KaK npaBHJio, eflHHCTBemio, xoth sto He 
Bcerfla CTporo flOKa3aHO. V onaGoro penieHnn CKopocTb HMeeT jinnib nepByio co- 
6ojieBCKyio npon3BOflHyio no x, cyMMnpyeMyio c KBaflpaTOM. EflHHCTBemiocTb 
cjia6oro penieHnn b 6ojibniHHCTBe paccMaTpnBaeMbix b stom nyHKTe cjiynaeB 
ocTaeTCH OTKpbiToii npo6jieMoft. 

KpaeBoft 3aflanH "c iiojihoh npoH3BOflHoft"(0.2),(0.4),(0.5),(2.15) oco- 
6eHHO HHTepecHa sa^ana o oiiaGoM rjio6ajibHOM penieHHH npn 3aflaHHbix Ha- 
najibHbix ckopocthx h Hanp5i>KeHH5ix, Torna KaK cneuTKpHHecKHx pe3yjibTaTOB 
o CHJibHbix peineHirax npaKTH^ecKH Hex] (T.e. cmibHoe penieHHe ecTb Tor^a, 

KOrfla OHO eCTb flJIfl 3aflaH M C o6 r beKTHBHOH M npOII3BO,I],HOH, CM. HHJKe, H MO>KeT 

6biTb, OHeBHflHbiM o6pa30M, nojiyneHO TeM >Ke MeTOflOM). CjiaGaa rjioGajibHaa 
no BpeMeHn pa3peniHMOCTb ycTaHOBjieHa He3aBHCHMO b |25| h |71j . EflHHCTBeH- 

HOCTb (npH (pIIKCHpOBaHHblX IUIOTHOCTH BHeillHHX CHJI, Ha^ajIbHOH CKOpOCTH 



HcKJiro^eHne - TeopeMa 5.3 (cm. moice). 
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h TeH3ope Hanpa>KeHHH) cjia6oro peineHHH He flOKa3aHa, ho HMeeTCH |79| b 
KJiacce cjia6bix penieHHH, yflOBJieTBopnroinnx cnennajibHOMy SHepreTHnecKOMy 
HepaBeHCTBy (KOTopoMy ya,OBJieTBopHK)T Bee cnjibHbie penieHHH, a TaK»ce cjia- 
6bie penieHHH, nocTpoeHHbie no MeTOfly [71], a bo3mo>kho (He flOKa3aHo), hto 
h Bee cjia6bie peineHnn) npn ycjiOBHH, ecjin ecTb peuieHne H3 6ojiee y3Koro 
Kjracca. CymecTByeT Taxsce cjia6oe CTannoHapHoe (He 3aBHCHinee ot BpeMe- 
hh) penieHne flaHHon KpaeBoft 3aflanH [4] (ecjin BHeniHHH cnjia aBTOHOMHa). 
Oho npHHaflJie^KHT rjio6ajibHOMy aTTpaKTopy stoh 3aflanH, KOTopbift 6biji no- 
CTpoeH b [73], ncnojib3yn cnennajibHO pa3pa6oTaHHyio Teopnio MHHHMajibHbix 

TpaeKTOpHblX aTTpaKTOpOB (KJiaCCHMeCKHH nOflXOfl He npOXOflHT H3-3a OTCyT- 
CTBHH eflHHCTBeHHOCTH penieHHH H M HHBapHaHTHbIX M flHCCHnaTHBHbIX OUeHOK) . 

Pe3yjibTaTbi 06 aTTpaKTopax o6o6maiOTCH Ha HeaBTOHOMHbin cjiynan [74], [79] . 
C flpyroft ctopohm, KaK mm BHflejin, cpopMajibHO Bbipa:>KaH a H3 cootho- 

HieHHH (2.15), Mbl npHXOflHM K CHCTeMe (2.16), B KOTOpOH Heo6xOflHMO 3HaTb 

TpaeKTopHH flBH»:eHH5i nacTHii, cpeflbi, onpeflejineMbie nojieM CKopocTeii v(t,x). 
TpaeKTopHH flBHJKeHHH nacTHu, cpeflbi onpeflejinioTCH nojieM CKopocTeii v KaK 
penieHne HHTerpajibHoro ypaBHeHHH 

T 

z(t; t, x) = x + J v(s, z(s;t, x))ds. (3.1) 
V 

Ecjih v 6epeTCH H3 Kjiacca cjia6bix penieHHH, o,a,H03HaHHaH pa3peuiHMOCTb stoh 
CHCTeMbi He HMeeT MecTa, hto Be^eT k onpeflejieHHbiM Heflopa3yMeHHHM. B 
cbh3h c 9thm b [13] 6bui npefljio>KeH BapnaHT HanajibHO-KpaeBon 3aflanH fljin 
CHCTeMbi (0.2), (0.4), (0.5), (2. 15) co crjia^KeHHbiM nojieM CKopocTeii h flOKa3aHa 
cjiaGan pa3peuiHMOCTb 3toh 3aflanH. ripn CTpeMjieHHH napaMeTpa peryjinpn- 
3au,HH k Hyjiio ee penieHHH b onpeflejieHHOM CMbicjie erpeMHTCH k peineHHHM 
HeperyjiHpH30BaHHoii 3aflanH (cm. [7]). Pe3yjibTaT o cymecTBOBaHHH cjia6oro 
penieHHH o6o6maeTCH Ha flBHHceHne b o6jiacTHx, MeHHioinnxcH b 3aBHCHMOCTH 
ot BpeMeHH [76] . CnjibHoe penieHne cymecTByeT jiOKajibHO no BpeMeHH [11] ; 
npofljiHTb penieHne rjio6ajibHO mohcho b cjiynae flByMepHoii o6jiacTH [H] hjih 
npn Majibix BHeniHHx cnjiax h HanajibHbix flaHHbix [37] . 

riepeiifleM Tenepb k (HeperyjiHpn30BaHHbiM) MOflejiHM c "o6 r beKTHB- 
Hon ,, npoH3BOflHon, T.e. k KpaeBoft 3aflane (0.2), (0.4), (0.5), (2. 18). 3flecb oco6- 
hhkom ctoht " KopoTau,HOHHbiH " ( "nyMaHHOBCKHH " ) cjiynaii 



D = D Q . 
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(3.2) 



J\ejlO B TOM, HTO B CHJiy KOCOCHMMeTpHHHOCTH MaTpHHbl W flJIH BCHKOH CHM- 

MeTpHMecKoft MaTpniibi A toh >Ke pa3MepHOCTii^ n x n HMeeT MecTO totk- 

n 

fleCTBO ^2 AijWjkAik = 0, HTO flaeT B03MO>KHOCTb coxpaHHTb Bee oc- 

i,j,k=l 

HOBHbie SHepreTHMecKHe od,ghkh, HMeioirpiecfl ,hjih cjia6bix penieHHft 3a,naHH 
(0.2), (0.4), (0.5), (2. 15) (cp. c [78j [53]) • TeM He MeHee, 6ojibinyio cjio>KHOCTb 
npeflCTaBjiaeT npeflejibHbift nepexofl b HejiHHeftHbix HjieHax, co,a,ep:>KaiiiHx W, 
hto He no3BOJiHeT npHMoro nepeHOca pe3yjibTaTOB, HMeioiiiHxcH ,hjih 3a,naHH 
(0.2), (0.4), (0.5), (2. 15), Ha KopoTannoHHyio MOflejib. Ecjih yae b KanecTBe D 
B3HTb cneu,HajibHbiM o6pa30M peryji5ipH30BaHHyK) nyMaHHOBCKyio npoH3BOfl- 
Hyio (Tax, HTo6bi 3aKOH (2.18) ocTajicn o6b.eKTHBHbiM y>Ke c stoh peryji5ipH30- 
BaHHofi npoH3BOflHofi), to npaKTHnecKH Bee onncaHHbie Bbinie (h HH>Ke b n.4) 
pe3yjibTaTbi ,h,jih 3a,naHH (0.2), (0.4), (0.5), (2. 15) coxpaHHiOTCH [78J. 

n.Jl. JIhohcom h H. MacMynn b CTaTbe [53] ccpopMyrnpoBaH pe3yjibTaT o 
rjio6ajibHOH no BpeMeHH cjia6ofi pa3peuiHMOCTH npn 3a,naHHbix HanajibHbix cko- 
pocTHx h Hanpn^KeHHHx fljia 3aflanH (0.2), (0.4), (0.5), (2. 18), (3. 2). OflHaKO flo- 
Ka3aTejibCTBO, npeflCTaBjieHHoe hmh, HMeeT KpaftHe cxaTbiH, a MecTaMH 3Bpn- 

CTHHeCKHH XapaKTep, H BOCCTaHOBHTb nOJIHOe flOKa3aTejIbCTBO npaKTHnecKH 

He npeflCTaBjineTCH bosmo^khmm. B nacTHOCTH, Bbi3biBaeT coMHeHHe cjieflyio- 
man apryMeHTau,H5i JlnoHca h MacMynn. Ha CTp. 141 |53| fljin flOKa3aTejibCTBa 
bo3mo>khocth npeflejibHoro nepexofla b nocjieflOBaTejibHOCTH HeHbiOTOHOBCKHx 

COCTaBJIHIOIIIHX TeH30pOB HanpHJKeHHH T U BBOflHTCH (pyHKHHH T] TaKxlH, HTO 

||r n || 2 — » ||t|| 2 + ?7 cjia6o b Li(0, T; Li(Q)), ryie || • || o6o3HanaeT eBKjiHflOBy 
HopMy MaTpHu,bi. 3aTeM flOKa3biBaeTCH, hto r] = 0, hto BjieneT ||T n || 2 —> \\t\\ 2 
cjia6o b Li(0, T; Li(Q)). OflHaKO npn flOKa3aTejibCTBe Toro, hto rj = 0, npefl- 
nojiaraeTCH h He noncHHeTCH, hto f]\t=o = 0. Ho 9to He HBjineTC^ cjieflCTBHeM 

HMeiOHieftCH CXOflHMOCTH Tq — > Tq B i^O). OcTaeTCH HeHCHbIM, BepHO JIH 6a30- 

Boe TO»:flecTBO 77 1 t=o = 0. 

fljia 3aflanH c npoH3BOflHoft 51yMaHHa H3BecTHO (He3aBHCHMO ot pe3yjibTa- 
Ta [53j), hto MHO>KecTBO Tex npaBbix nacTeft (T.e. BHeniHHx chji) HanajibHO- 
KpaeBoii 3a,naHH, ajih KOTopbix cyniecTByeT cnjibHoe rjio6ajibHoe peineHne, 
njiOTHO b HeKOTopoii TonojiorHH [17], a Tax^Ke nojiyneHa TeopeMa cyniecTBO- 
BaHHH onTHMajibHoro cnjibHoro penieHHH b 3aflane onTHMajibHoro ynpaBjieHHH 
npaBbiMH nacTHMH [18J. 



2 Kax o6cy>K^,ajiocb BMine, ochobhoh HHTepec npe^CTaBJiaeT cjiyHaii n = 3. 

3 HanpHMep, ecjin Tq 1 = To ^ 11 r" = To sign cos n/j, to t™ — > r = cjia6o b Li(0, T; Li(fl)), h ||t"| 
|r ||, T.e. 77= UrollVO. 
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B cjiynae 6ojiee cjio^khmx, neM KopoTannoHHaH, npoH3BOjj,Hbix b sajjane 
(0.2), (0.4), (0.5), (2. 18), Hcnojib30BaHHe noHflTHH cjia6oro penieHHH noxa He npn- 
Hecjio cym,ecTBeHHoro scpcpeKTa, Tax hto npaKTnnecKn Bee o6cy:>KiiaeMbie HH>Ke 
yTBep>KfleHH5i KacaiOTCH cnjibHbix penieHHft. Ba>KHO, hto npHHirnnHajibHO oco- 
6bix pe3yjibTaTOB jijih jjByMepHbix o6jiacTeft Majio, Tax hto npHBefleHHbie HH»ce 
BepHbi, KaK npaBHjio, iijih n = 2, 3. 

J\jisi CHCTeMbi c npoH3BOflHoft Oji/xpoftiia flOKa3aHO [43j jioKajibHoe no Bpe- 
MeHH cym,ecTBOBaHHe penieHHft HanajibHO-KpaeBoft 3aiJ,aHH jijih CHCTeMbi ypaB- 
HeHHft flBH>KeHH5i BH3Koynpyroft )khij,kocth b orpaHHneHHoft o6jiacTH (pe3yjib- 
TaT o6o6ineH b [67] Ha HeorpaHHneHHbie o6jiacTH, a b [69] Ha cjiynaft 6ojiee 
o6ihhx, neM (0.5), rpaHHHHbix ycjiOBHft). TjioGajibHoe cyinecTBOBaHne HMeeT- 
ch npn Majibix HanajibHbix iiaHHbix h BHeniHHx cnjiax. BnepBbie sto noKa3aHO 
b [43] b orpaHHneHHoii o6jiacTH npn flonojiHHTejihHOM ycjiOBHH, hto BpeMeHa 
pejiaKcanHH Ai h 3ana3iJ,biBaHH5i A2 6jih3kh; b cjiynae £1 = R n sto ycjiOBne 
jiHHiHee [79], [33], a 3aTeM OKa3ajiocb [55], hto ot Hero mo>kho H36aBHTbCH h fljiH 
orpaHHHeHHoii o6jiacTH; nojj,o6Hbift pe3yjibTaT, nojiyneHHbiH flpyrnM MeTOflOM 
h aflanTHpoBaHHbiii fljra HncjieHHbix cxeM, HMeeTCH b [31] npn npeHe6pe«e- 

HHH KBaflpaTHHHblMH HHepHHOHHblMH (KOHBeKTHBHblMn) HJieHaMH B (2.18) H 

(0.4). B [51] cxo^KHe jiOKajibHbie h rjio6ajibHbie (npn Majibix iiaHHbix) Teope- 
mm nojiyneHbi fljia c;>KHMaeMoft ^kh/xkocth, a 3aTeM, nyTeM npe/iejibHoro ne- 
pexofla no napaMeTpy, OTBenaioineMy 3a OKHMaeMOCTb, n jijih HeoKHMaeMoft. 
YKasaHHbie yTBep>KjieHHH (icpoMe |31| ) othochtch k paccMOTpeHHio penieHHft 
b rnjib6epTOBbix coGojieBCKnx npocTpaHCTBax THna no x. AHajiornnHbie 
(nHorfla c flonojiHHTejibHbiMH orpaHHHeHHHMn) pe3yjibTaTbi nojiyneHbi jijih 6a- 
HaxoBbix npocTpaHCTB Tnna WL [38], [39]. B [33] H3ynajiCH cnynaft Q = W 1 
(hjih Top, b o6ohx cjiynanx rpaHHHHoe ycjiOBne (0.5) onycKaeTcn) n TaK>Ke 
nojiyneHbi TeopeMbi nofloGHoro coflep>KaHH5i b npocTpaHCTBax BecoBa, oco6oe 
BHHMaHne yflejieHO KjiaccaM ejxHHCTBeHHOCTH. IlpH Majioft nepnoiTHHecKoft no 
BpeMeHH npaBoft nacTH 3a^ana HMeeT nepnoflnnecKoe penieHne [55j. IlpH Ma- 
jioft me He 3aBHCHineft ot BpeMeHH npaBoft nacTH 3aflana HMeeT CTannoHapHoe 
penieHne [62], [68] (3aTeM pe3yjibTaT o6o6inajiCH Ha pa3JiHHHbie HeorpaHHneHHbie 
o6jiacTH [61], [45]). YcTOHHHBOCTb CTau,HOHapHoro penreHHH H3ynajiacb b [631 [42] 
(cm. TaioKe [64] c o63opoM no noBO/iy ycToftHHBOCTH h HeycToftHHBOCTH CHCTeM 
ypaBHeHHft 9Toro h 6ojiee innpoKHx KjiaccoB). ITpn CTpeMjieHHH k Hyjno BpeMe- 
HH pejiaKcau,HH (a 3HannT, h He npeBOCxo/iHiHero ero BpeMeHH 3ana3flbiBaHH5i) 
penieHHA (nojiH CKopocTeft) CTpeMHTCH k peuieHH5iM 3aflann HaBbe-CTOKca [57] 
(3flecb npeflnojiaraeTCH, hto f2 = M. n hjih Top), npnneM npn Majibix BpeMeHax 
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pejiaKcannn Bee penieHHH cymecTByioT Ha tom me HHTepBajie, hto h peineHHe 
fljiH HaBte-CTOKca. OTCiofla BbmoflHTCH Ba^KHoe cjie-flCTBne |57| o rjio6ajibHOM 



ocTajibHbix flaHHbix ii napaivteTpoB). B [52] h flpyrnx pa6oTax stoh rpynnbi yne- 
hmx 6mji npeflJio»:eH flpyroft noflxofl k flaHHoft npo6jieMe, b t.h. MexaHnnecKH 
MOTHBHpoBaHHbie 3aMeHbi nepeMeHHbix, a T&Kme flo6aBKii 11 H3MeiieHii5i njie- 
hob, flaioinne B03M05KHOCTb yjiyninnTb MaTeMaranecKne CBoficTBa saflann. IIo 
noBOfly MHCjieHHbix cxeM fljin HanajibHO-KpaeBon 3a,a,aHH fljin cncTeMbi ypaBHe- 
hhh flBH>KeHH5i B5i3Koynpyron ^KHflKOCTH c npoH3BOflHoft Ojiflpofifla cm. Hanp. 



MaTeMaTHHecKoe nccjieflOBaHne 6ojiee o6innx sa^an, HeM 
(0.2), (0.4), (0.5), (2. 18) c npoH3BOflHoft Ojiflpofifla, moxho ycjiOBHO pa36iiTb Ha 
Tpn rpynnbi. 

IlepBaH rpynna CB5i3aHa c o6o6ineHneM onpe,a,eji5iioinero cooTHonieHHH 
(2.18) c npoH3BOflHofi Ojiflpofifla. CaMoe npocToe o6o6ineHne — npeflnojio>Ke- 

HHe, HTO B5I3KOCTb 3aBHCHT OT eBKJIHflOBOH HOpMbI TeH30pa CKOpOCTeft fle(J)Op- 

Mannn (T.e. ero BToporo HHBapnaHTa). CymecTBOBaHne CTannoHapHoro penie- 
hhh KpaeBoii 3aflann npn Majioii aBTOHOMHoii BHenraen cnjie b pa3Hbix Tnnax 
o6jiacTen noKa3aHO b [28], [29]. ^pyroe o6o6ineHne — MOflejib yanTa-MeTirnepa, 
rfle y«e BpeMH pejiaKcannn Ai n napaMeTp bh3kocth (1 — \2/M)v 3aBHC5iT 
ot BToporo HHBapnaHTa TeH3opa CKopocTen flecpopMannn. KpaeBbie 3aflann 
fljin stoh MOflejin, bo mhotom, HMeiOT CBoficTBa, noxo^Kne Ha 3aflann c npo- 
H3BOflHoii Ojiflponfla. OcHOBHbie pe3yjibTaTbi, nojiynaeMbie 3flecb, H3jio^KeHbi 
b [46], S3, [56] • Eme oflHO o6o6meHHe - - KOMGnHnpoBaHHan MOflejib fljin CMe- 

CH HeCKOJIbKHX BH3KOynpyrHX (c 06T.eKTHBH0H npOH3BOflHOH B 06m,eM BHfle) 

n HejiHHeHHO-BH3KHx ^KHflKOCTeii [79]. CooTBe-TCTByioinaH HanajibHan 3aflana c 
Q = W 1 HMee-T rjio6ajibHoe penieHHe npn Majibix flaHHbix [72], 79J. 

BTopan rpynna coflepxHT 3aflann c peojiornnecKHM 3aKOHOM Tnna (2.18) 
c npoH3BOflHon Ojiflpofifla, rfle HMeeTcn flonojiHHTejibHaH nepeMeHHan, ot ko- 
Topofi 3aBHcnT BH3KOCTb, BpeMeHa pejiaKcannn n 3ana3flbiBaHH5i. B KanecTBe 
TaKon nepeMeHHofi mo^kct BbiCTynaTb TeMnepaTypa (b stom cjiynae b [35] no- 
Ka3aHO jioxajibHoe CymecTBOBaHne peineHnn) hjih nponeHraoe cooTHomeHne b 
CMecn flByx B5i3Koynpyrnx ^KHflKOCTeii (b [34] HMeiOTcn yTBep>KfleHH5i o jiOKajib- 
hom cymecTBOBaHHH pemeHnii, a TaK>Ke rjio6ajibHOM npn Majibix flaHHbix). 

TpeTbH rpynna - - 9to Tax Ha3biBaeMbie MnKpo-Maxpo MOflejin, ynnTbiBa- 

19 




[31, 



32J 



loinne coo6pa»:eHH5i H3 kb£ihtoboh MexaHHKH. MaTeMaTH^ecKH, oflHaKO, coot- 
BeTCTByiomHe HanajibHO-KpaeBbie safla^H (cm. Hanp. [301, SSI, EI]) o6jiajj,aK>T 
jryMniHMH CBoftcTBaMH c tomkh 3peHH5i flHCCHnaTHBHOCTH, mto oGjiernae-T BO- 
npocbi pa3peniHMOCTH h npe-flejibHoro noBefleHHH, HecMOTpa Ha rpoM03J_n<ocTb 
CHCTeM ypaBHeHHft. 

4 O cjiaSbix peniemiax HanajibHO-KpaeBbix 3a^aH ^jia 
MO^ejin ^H^cecJ)cJ)pHca c cyScTamjHOHajibHoii npoira- 

BOflHOH 

B 3tom naparpacpe 6yjj,yT onncaHbi HCCjieflOBaHM no npo6jieMe pa3peiiiH- 
mocth HanajibHO-KpaeBOH 3aflaMH (O.2),(O.4),(O.5),(2.15)0b cjia6oM CMbicjie. 

BHanajie BBe-fleM Hcnojib3yeMbie cpyHKUHOHajibHbie npocTpaHCTBa. 

IlycTb E - Kaxoe-TO KOHenHOMepHoe BeinecTBeHHoe jiHHeftHoe npocTpaH- 
ctbo, HanpHMep, R n . Mbi 6ya,eM ncnojib30BaTb CTaHflapTHbie o6o3HaMeHH5i 

L P (Q,E), W™{tt : E), H m (Q,E) = W^{n,E) : H^(Q : E) =W^ (Q, E) npo- 
CTpaHCTB Jle6era h Co6ojieBa fljia (pyHKUHH H3 o6jiacTH £1 C W 1 co 3HaMeHH5iMH 
b E. HHorfla fljia KpaTKOCTH 6yjj,eM nncaTb npocTO L p BMecTO L P (Q,, E) h T.n., 
ecjiH H3 KOHTeKCTa 5icho, o KaKOM npocTpaHCTBe E HfleT pe^b. 

CKajiapHbie npoH3BefleHH5i b Z^H, i?) h H l (£l, E) MoryT 6biTb 3ajj,aHbi bm- 

pa^KeHH5IMH 




EBKjiHflOBy HopMy b E 6yfleM oGosHanaTb chmbojiom | • |, HopMy b L2 - 

CHMBOJIOM || • ||, a HOpMy B W\ - CHMBOJIOM || • ||i. 

Mepe3 Co°(n, E) 6yjj,eM o6o3HanaTb npocTpaHCTBO rjia^KHx cpyHKUHii c kom- 

naKTHblM HOCHTejieM BOHCO 3HaHeHHHMH b E. 

IlycTb V = {u G C TO (ft,R n ),divw = 0}. 

CnMBOjiaMH H h V o6o3HaHaiOTC5i 3 aM bi KaH hh V cootbctctbchho b 

L 2 {n : R n ) h wi(n,R n ). 

Mepe3 H* h V* 6yjj,eM o6o3HanaTb conpnjKeHHbie npocTpaHCTBa k cootbct- 
CTBeHHO npocTpaHCTBaM H h V. 

1 njiioc HaHajibHoe ycjiOBHe 
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KaK oGbiHHO flejiaeTCH b MaTeMaTHHecKoft rnflpoflHHaMHKe [79] , 6yo,eM otojk- 
flecTBJiHTb npocTpaHCTBO H h ero conp5r>KeHHoe npocTpaHCTBO H* . Iio9TOMy 
HMeeM Bjicc-KeHiie 

V C H = H* CV\ 

Chmbojiom (/, v) 6yfleM o6o3HaHaTb fleftcTBHe (pyHKUHOHajia / G V* Ha 
3jieMeHT v G V. B CHjry yKa3aHHoro Bbinie OTO>KflecTBJieHH5i, ecjiH f,vEV,TO 
(f,v) = (f,v). 

CnMBOJiaMH C([0, T]; X), C w ([0, T]; X), L 2 (0, T; X) h T.n. o6o3HaHaK>TC5i 
6aHaxoBbi npocTpaHCTBa HenpepbiBHbix, cjia6o HenpepbiBHbix, cyMMHpyeMbix 
c KBaflpaTOM h T.n. (pyHKurra Ha npoMe>KyTKe [0, T] co 3HaHeHH5iMH b HeKOTO- 
poM 6aHaxoBOM npocTpaHCTBe X. 

/Jajiee, KaK y>Ke 6bijio OTMeneHO b npeflbiflyiHeM naparpacpe, Bbipa^Kaa a mh- 

CTO (pOpMajIbHO H3 COOTHOHieHH5I (2.15), IipHXOflHM K CHCTeMe (2.16), b KOTopoii 

Heo6xoflHMO 3HaTb TpaeKTopHH flBH^KeHHa MacTHu, cpeflbi, onpeflejiaeMbie no- 
jieM CKopocTeii v(t, x), TpaeKTopHH flBH^KeHHH nacTHu, cpeflbi onpeflejiaiOTCfl 
nojieM CKopocTeii v KaK peineHne HHTerpajibHoro ypaBHeHH5T 

T 

t 

Ho, KaK mm yBHflHM HH>Ke, cjia6bie penieHHfl v(t, x) HanajibHO-KpaeBOH 3aflanH 
fljia CHCTeMbi (0.2), (0.4),(2.15)npHHafljie5KaT npocTpaHCTBy 

W 2 ,i = {v; v G L 2 (0, T; V) , i/ G Li(0, T; V*)} (4.2) 

h He hbjihiotch HenpepbiBHbiMH (pyHKu,HHMH no nepeMeHHoft x fljiH n = 2, 3. 

OflHaKO cym,ecTBOBaHHe peineHHft ypaBHeHHH (4.1) npn (pHKcnpoBaHHOM v 
H3BecTHO jinnib fljta a/iy^aa t> G Li(0, T; C(r2) n ) (cm. [60]) h sto peineHne 
eflHHCTBeHHO fljia t> G Li(0, T; C 1 (Q) n ) (cm. TaM 5Ke). B cb5T3h c sthm (paKTOM 
b [13] 6biji paccMOTpeH peryji5ipH30BaHHbiH BapnaHT HaMajibHO-KpaeBoft 3aflaMH 
fljTH CHCTeMbi (0.2), (0.4), (2. 15). OnnnieM ero. 

Bbi6epeM HeKOTopbifi jiHHeHHbiii onepaTop peryji5ipH3anHH S$ '■ H — > 
C X (Q)" fl V fljia (5 > TaKofi, mto nopo^KflaeMoe hm OTo6pa>KeHHe S$ : 
L2(0,T;i7) — ► 1/2(0, T; C 1 (il) n fl V) HenpepbiBHO, a onepaTopbi S$ : 
^2(0, T;H) — >• ^2(0, T\H) cxoflHTCH cnjibHO k TO>KflecTBeHHOMy onepaTopy 
7 npn # — > 0. KoHCTpyKHHH TaKoro onepaTopa npnBefleHa b [13J, yroMHeHa b 
|37|h noflpo6HO onncaHa b |10j . 
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06o3HaHHM Mepe3 C 1 D(Q) MHCOKeCTBO B3aHMHO 0,Z],H03HaHHbIX OTo6pa)KeHHH 

z : £1 — > Q 7 coBnaflaK)m,Hx c TO>K,z],ecTBeHHbiM OTo6pa>KeHHeM Ha dQ h HMeioinnx 
HenpepbiBHbie nacTHbie npoH3BOflHbie nepBoro nopHflica TaKHe, hto det (|^) = 1 
b Ka:>K,z],OH TOHKe o6jiacTH Q. ByfleM npeflnojiaraTb, hto b stom MHO)KecTBe 
Hcnojib3yeTC5i MeTpHKa npocTpaHCTBa HenpepbiBHbix (pyHKiniii C(f2,R n ). 

IIojicokhm TaioKe CG = C([0,T] x [0, T],C 1 D(Q)). 

PaccMOTpHM ypaBHeHne 

T 

z(r;t,x) = x + J Ssv(s, z(s;t,x))ds, r, t G (0, T), x G Q. 

^jih Ka^Kfloro i> G £2(0, T; V) sto ypaBHeHne HMeeT eflHHCTBeHHoe penieHHe 
b Kjiacce CG (cm. [60]).O6o3HaHHM ero nepe3 Z§(v)(r;t,x). 
IlojiaraH fljin npocTOTbi b (2.16) 

<r (Z 6 (y)(P;t,x)) - 2rj^S (Z 5 {v)(0;t,x)) = 0, 

mm npnxoflHM k cjieflyioiHeH HaMajibHO-KpaeBofi 3aflaMe fljia peryji5ipH30BaHHOH 
MOflejin, onHCbiBaK)Hj,eH flBH^Kemie HeoKHMaeMoft B5T3KoynpyroH cpeflbi: 

n 1 

EOl) f t-a 

Vj— — (t, x) — //jDiv / e A i £(v)(s, z(s; t, x))ds— 

' OXn I 

- /i Av(t,x) + gradp(t,x) = f(t,x) : (t, x) G (0, T) x Q, (4.3) 

s 

z(s; t, x) = x + J S 6 v(r, z(r; t, x))dr, s G [0, T], (t, x) G (0, T) x £1, (4.4) 
V 

divv = 0, (t, x) G (0, T) x Q, (4.5) 

v\(o,T)xdn = 0, (4.6) 
u(0,a;) = v°(x), xGfi, (4.7) 

/ p dx = 0. (4.8) 



3flecb ^0 = ^aJ, Mi = 2r 7' 
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KaK y»:e OTMenajiocb, npn BBefleHHH onepaTopa peryji5ipH3anHH ypaBHemie 
(4.4) HMeeT eflHHCTBeHHoe peniemie Z$(v)(s; t, x).rioflCTaBHB ero b (4.3), no- 
jiy^HM cjieflyiomyio HanajibHO-KpaeByio sa^any, SKBHBajieHTHyio sa^ane (4.3)- 
(4.8): 

n 

d t v(t, x) + ^2 v i~faTM> 

j=i x i 

t 

— /ioAv(t, x) — /iiDiv J e ~£(v(s, Zs(v)(s; t, x))rfs+ (4.9) 

o 

+gvadp(t, x) = f(t, x), (t, x) G (0, T) x Q 

divv(*, x) = 0, (t, x) G (0, T) x fi, (4.10) 
v(t, x) = 0, (t, x) G (0, T) x <9Q, (4.11) 
u(0,a;) = i; (a;) J igO, (4.12) 

J p(t,x)dx = 0. (4.13) 
h 

Onpe^ejieHne 4.1. IlycTb / G Za(0, T; y*). Cjia6biM peineHHeM HanajibHO 
- KpaeBoft 3aflaMH (4.9)-(4.13) Ha3biBaeTC5i BeKTop-cpyHKUM v G W24, yflOBJie- 
TBopaiomaH Ha^ajibHOMy ycjiOBHK) (4.12)h HHTerpajibHOMy TCxacflecTBy 

i=l ^ 



dt r - ^ V 



+ tf)(Vv(t),Vp)+/ii e^5(a,Z tf (u)(s;t,a;)ds,5(^)J = {f(t),(p) (4.14) 

fljiH Bcex G V n.B. Ha t 6 (0, T). 

Hcnojib3y5i annpoKCHMai^HOHHO-TonojiorHHecKHft MeTOfl, H3Jio»:eHHbiH b [T5l 
79] , b pa6oTe [13] ,n,OKa3aHa cne^yic-maa 

TeopeMa 4.1. Rjisl Kaxfloft (pyHKin™ / G Li(0, T; #*) + L 2 (0, T; V*) h 
v° E H 3aflaMa (4.9)-(4.13)nMeeT xora 6bi oflHO cjia6oe penieHHe v G ^2,1- 

B pa6oTe [71J paccMOTpeHa HanajibHO - KpaeBaa 3aflana fljia hcxo,z],hoh mo- 
flejiH ^^Kecpcppnca 6e3 peryji5ipH3anHH nojra CKopocTefi. B 9tom cjiynae Hejib35i 
hbho Bbipa3HTb TeH3op o nepe3 BeKTop-cpyHKHHK) v h npHxoflHTca paccMaTpn- 
BaTb CHCTeMy c nepeMeHHbiMH v = (vi),p h a = ((Jij). 
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HTaK, 3anHineM HanajibHO - KpaeByio 3aflaMy fljia CHCTeMbi (0.2), (0.4), (2. 15) 

B BHfle 



dv dv 



^ + ^Vi^ + gradp-Div<7 = /(t,a;), t € (0,T), xEO, (4.15) 



z=l 



/ <9cr 5cr 



ds A <9£ 



2t ? (6: + A 2 (— + J, t G (0, T), i6 0, (4.16) 



divw(t, x) = 0, £ G (0, T), x G Q (4.17) 
v\ dn = 0, te(0,T), (4.18) 

u|t=o = v°, a \t=o = &o- (4.19) 

06o3HaMHM Mepe3 M nxn npocTpaHCTBO BemecTBeHHbix MaTpnu, nopaflKa n x 
n, a Mepe3 M^ xn - ero noflnpocTpaHCTBO CHMMeTpuHecKHx MaTpniL 

Onpe^ejieHHe 4.2. IlycTb / G Li(0,T;V*). Cjia6biM peirreHneM 3aflaMH 
(4.15)-(4.19) Ha3biBaeTC5i napa (it, cr), 

u G L 2 (0, T; V) n C tt ([0, 21; H), — G Li(0, T; V*), (4.20) 

a G L 2 (0, T; L 2 (Q, Ej xn )) n C^QO, T]; H" 1 ^, I§ xn )), (4-21) 
yflOBjieTBopfliomafl ycjiOBHio (4.19)h TO^KflecTBaM 

^(u, y>) + (cr, V</?) - ^ (u,u : g) = (/, y?), 

i=l ^ l ' 



(<T)$)+ A 1 |( CT ,$)-A 1 j:( UjCT) g) 

i=l x ' 

2 V (8{u), $) + 2r/A 2 <*>) + E 



b CMbicjie pacnpeflejieHHii Ha (0,T) fljra Bcex </? G V h <£> G Cq°(Q, R^, xn ). 
B [71] 6buia flOKa3aHa cjieflyioma^ 

TeopeMa 4.2. IlycTb / G L 2 (0, T\ V*), v° G <t G W 2 1 (Q, R n s xn ), a - 
2r]y£(v ) G L 2 (Q, R^, xn ).Torfla cymecTByeT cjia6oe peirreHne 3aflaHH (4.15)- 
(4.19)b Kjiacce (4.20)-(4.21). 
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Kohchho, ecTecTBeHHO bo3hhk8igt Bonpoc, KaK CB5i3aHbi MOKjxy co6oft penie- 
hhh HaMajibHO-KpaeBoft sajiaHH jijih hcxojj,hoh MOflejin ^^ecpcppnca h penieHHH 
jijih peryji5ipH30BaHHoro BapnaHTa (4.3)-(4.8) 9toh MOflejiH. 

J\jin OTBeTa Ha stot Bonpoc 6ya,eM npejxnojiaraTb, hto v° G H, ctq G 
W 2 1 (Q, Rg xn ), f G L 2 (0,T;F*) h BbinojiHeno ycjio-BHe 

*o(t > z) = 2»^£(v )(t,a;). 

H3 TeopeMbi 4.1 cjiejjyeT, hto fljiH xa^Kfloro (5 > 3a;iaHa (4.3)-(4.8) npn 
3THX ycjiOBHax HMeeT pemeHHe v§. 3to pemeHHe nopo>KflaeT cooTBeTCTByioiHHH 
TeH3op KacaTejibHbix Hanpa:>KeHHft 

t 

a(u)(t, x) = 2fioS(u)(t, x) + jii I e ~£(u)(s, Zs(u)(s; t, x))ds. (4.22) 





HivteeT MecTO cjiejxyioiHa5i 

TeopeMa 4.3 (cm. [7]). IlycTb {5k} - HeKOTopa^ nocjieflOBaTejibHOCTb no- 
jio>KHTejibHbix nnceji, CTpeM5nu,a5iC5i k HyjiK). IlycTb vj~ - pemeHHe sajiaHH (4.9)- 
(4.13), cooTBeTCTByiomee 6^, h - cooTBeTCTByioiHHH TeH3op KacaTejibHbix 
Hanp5i>KeHHH, HaHfleHHbift no (popMyjie (4.22). 

Torjj,a cyinecTByeT napa cr*), 5iBji5nomaflC5i cjia6biM penieHneM 3ajj,a- 
hh (4.15)-(4.19), jj,jih KOTopoft cymecTByioT noj_mocjiejj,OBaTejibHOCTH {vk m } h 
{a km } Tarae, hto 

1) {vk m } cxojj,htc5i cjia6o k v* b 1/2(0, T; V); 

2) {Vk m } CXOflHTCfl CHJIbHO K V* B 1/2(0, T; iif); 

3) {^fc m } cxoflHTCH * - cjia6o k v* b Loo(0, T; 

4) {&k m } cxoflHTCH cjia6o k b L 2 (0,T; L2); 

5) {cfc m } cxoflHTCH * - cjia6o k a* b Loo(0, T; H^ 1 ). 

B pa6oTe [76] nccjieflOBaHa pa3peniHMOCTb HanajibHO-KpaeBOH 3ajj,anH jj,jih 
peryjiHpH30BaHHOH MOflejiH ^^Kecpcppnca b cjiynae jj,BH>KeHH5i BH3KoynpyroH 
cpeflbi b nepeMeHHoii o6jiacTH (o6jiacTH, MeHHiomeHCH b 3aBHCHMOCTH ot Bpe- 
mchh). 

OnnnieM pe3yjibTaT stoh pa6oTbi 6ojiee nojj,po6HO. 

IlycTb Qt G R n , n > 2, hbjihc-tch ceMeftcTBOM orpaHHneHHbix o6jiacTeft c 
rpammeii I\, Q = {(t,x) : t € [0,T], x G fi t }, T = {(t,a;) : t G [0, T], x G T t }. 
PaccMaTpHBaeTCH HanajibHO-KpaeBaH 3ajj,aHa 

^ C^U f*~^ t s 

v t + 2__j~k 2fioDiv£(v) — /iiDiv / e *~£(v)(s, z(s;t, x)ds+ 

■ =1 ^ Jo 
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+ gradj9 = v?, divv = 0, (t,x) E Q; / pdx = 0, t e [0, T]; (4.23) 

./fit 

i>(0, x) = i> x G Qo, v (t, x ) = ^ r. 

3fleCb, KaK H BblHie, BeKTOp-(|)yHKL],H5T v{t,x) = [V\, ...,V n )(t, x) — CKOpOCTb 

cpeflbi b TOMKe x b MOMeHT t, CKajiapHaa (pyHKD,H5i p — flaBjieHne, [1q, Hi, X- 
nojio>KHTejibHbie KOHCTaHTbi. OyHKD,H5i z(s;t,x) onpeflejiaeTca xax peineHne 
3aflaMH Koiiih 



z(s;t,x) = x + J v(r,z(r;t,x)) dr, sG[0,T], (t,x)EQ. 



(4.24) 



IlpeflnojiaraeTCfl, mto Q C R n+1 onpefleji5ieTC5i SBOjnoHHeft ceMeftcTBa Qf, t > 
oG^eMa Qo c flocTaTOMHO rjiaflKoft rpaHHueft To B^ojib nojiH CKopocTeii HeKOTO- 
poro flocTaTOHHO rjiaflKoro cojieHOHflajibHoro BeKTopHoro nojiH v(t, x), onpefle- 
jieHHoro b HeKOTopoii HHjiHHflpHHecKoft o6jiacTH Qo = {(t,x) : t E [0, T], x G 
Qo}, Tax mto Q^C Qo- ^to osHa^aeT, mto Qf =z(t; 0, Qo), r^e z(r; t, x) pemeHne 
aafla^H Koihh 

z(r;t,x) = x + J v(s,z(s;t,x))ds, tG[0,T], (£,x)gQo- (4.25) 

BBefleM Heo6xoflHMbie (pyHKUHOHajibHbie npocTpaHCTBa. OGcoHaHHM HopMbi 
b L 2 (Qf) h iy 2 fc (Qt) nepe3 | • |o,t h | • \k,t cooTBeTCTBeHHO, a nepe3 || • ||o o6o3HaHHM 
HopMy b L/2(Q). 06o3HaMHM nepe3 Dqj mho^kcctbo rjiaflKnx cojieHOHflajibHbix 
(pHHHTHbix (pyHKu,Hii b o6jiacTH Qf. 06o3HaMHM nepe3 Hf h Vf 3aMbiKaHne Do t 
b HopMax L 2 (Qf) h W^i^t) cooTBeTCTBeHHO. ConpsraceHHoe k Vt npocTpaHCTBO 
o6o3HaMHM nepe3 V t *, HopMy b V t * o6o3HaHHM nepe3 | • a fleiicTBHe (pyHK- 
unoHajia v G V t * Ha sjieMeHTe h E V t o6o3HaHHM nepe3 (v,h) t . IIpH stom cxa- 
jiapHoe npoH3BefleHne (•,•)* B Ht nopo^KflaeT npn Ka^KflOM £ G [0, T] njiOTHoe 
HenpepbiBHoe Bjio^KeHne Vt G H t C V t * . 

06o3HaHHM nepe3 D mho^kcctbo rjiaflKnx BeKTop-(pyHKu,HH Ha Q, cojieHOH- 
flajibHbix h (pHHHTHbix b o6jiacTH Qj npH Ka>KflOM £. 06o3HaHHM nepe3 E, E*, 
El, W , W\, CH, EC, LH, L 2;Cr (Q) 3aMbiKaHHe D cooTBeTCTBeHHO b HopMax 



v E 



= {f\v{t,x)\l t dt)^ 
Jo 



-T 



\\v\\e* = ( \v(t,x)\ 2 _ lt dt) 1/2 , \\v\\ E * = \v(t,x)\-i it dt, 
J o Jo 

\v\\w = \\v\\e + INU*, \\v\\wi = \\v\\e + IHUf, ||v||ch = max |v(t,a:)|o,t, 

te[o,T] 

26 



\v\\ec = \\v\\e + \\v\\ch, \\v\\lh= / \v(t,x)\ jdt, 



JO 



H|o = (/ \v(t,x)\l t dt)V 2 . 
Jo 



'0 

IlpocTpaHCTBO E* 5iBji5ieTC5T conpn^KeHHbiM k npocTpaHCTBy E, a CKajiapHoe 
npoH3BefleHne (v,u) = f Q (v(t,x),u(t,x))tdt b L 2jCr (Q) nopo5K,a,aeT njiOTHoe 
HenpepbiBHoe Bjio>KeHHe E C L 2jCr (Q) C E*. IlpocTpaHCTBO El HenpepbiBHO 

BJIO^KeHO b E*. 

HiDKe Mepe3 (v, u) o6o3HaHaeTC5i fleiicTBHe (pyHKu,HOHajia v H3 E* Ha cpyHK- 

D,HK> U H3 E. 

Safla^a (4.23) BKjnoHaeT HHTerpaji, BbiHHCJifleMbift BflOJib TpaeKTopHH 

Z(s;t,x) flBH>KeHH5I MaCTHD, B nOJie CKOpOCTeft v(t,x). OflHaKO, KaK h b cjiy- 

1 2 

nae i^HjiHHflpHMecKHx o6jiacTeft, flajKe cnjibHbie penieHHH v(t,x) G W 2 ' (Q) 
safla^H (4.23) ajih n = 2,3 He o6ecneHHBaiOT oflH03HaHHyio pa3peniHMOCTb 
3aflaHH (4.24). B KanecTBe Bbixofla H3 stoh CHTyaijHH, KaK h Bbiine, mm pery- 
jiHpH3yeM nojie CKopocTeft c noMOin,bK) BBefleHHH crjiajKHBaiomero onepaTopa 
Ssj '■ H t — > C l (£l t ) H V t fljia 5 > TaKoro, hto S§j(v) 6jih3ko k v. OnpeflejiHM 
Ha L 2jCr (Q) crjia>KHBaiOHi,HH onepaTop Ss(v) = v, rzje v(t,x) = Ss,t(v(t,x)) 

A j 

npn t > 0. OnepaTop S<j : L 2)fT (Q) — > L 2 (0, T; C ) fl E OKa3biBaeTC5i orpaHH- 
neHHbiM. IlycTb Tenepb u(t,x) G L 2cr (Q), v(t,x) = u(t,x) + v(t,x). Onpe- 
flejiHM onepaTop peryjiapH3au,HH £5 : L 2 cr (Q) — > L 2 (0, T; C 1 ) fl E (popMyjioii 
= jS^(t; — v) + v = Ss(u) + £>. 
3aMeHHM (4.24)Ha ypaBHeHHe 

z(r;t,x) = x + J S§v(s, z(s;t, x)) ds, r,t G [0,T], x G £lf (4.26) 

/Jjih Ka^Kfloii v{t,x) G E (pyHKipin S^u) G L 2 (0,T;C 1 ), h, cjieflOBaTejibHO, 
3aflana (4.26) 0flH03HaHH0 pa3peniHMa. PeineHne 3aflanH (4.26) 6yfleM o6o3Ha- 
naTb Zs(v). 

Hac 6yfleT HHTepecoBaTb Bonpoc o pa3peniHMOCTH cjieflyromeii peryjiHpH30- 
BaHHoii 3aflaHH: 

vt+^2v k - 2^ Div^(v)-^iDiv / e^S(v)(s, Z 6 {v)(s; t, x))ds+Vp = 

k=i k ^° 

divv(t,x) = 0, (t,x) G Q; / p(M)& = 0, te[0,T]; (4.27) 

v (0, x) = v°(x), x G fi , ^) = ^y 1 ^, a^) G r, t G [0, T]. 
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Onpe^ejieHne 4.3. IlycTb <fr(t,x) G V t * npn n.B. t. Cjia6biM peineHHeM 
safla^H (4.27) Ha3biBaeTC5i (pyHKinia v(t, x) BHfla v(t,x) = v(t,x) + w{t,x), 
w(t,x) G Ef^CH, w(0,x) = 0, Taxa5i mto npn jiio6bix h(t,x) G Taxax, 
^to /i(T, x) = 0, cnpaBefljiHBO TO>KflecTBO 

- / (v(t, x), h t (t, x)) t dt + fio / (vi(t,x)vj(t,x),dhi(t,x)/dxj) t dt+ 
Jo Jo 

f T f l its) 

+ / (/ e-—8(v)(s,Z s (v)(s\t,x))ds,8(h(t,x))) t dt= (4.28) 
Jo Jo 

x), #)) - (6(0, x), /i(0, x)) . 

CcpopMyjinpyeM ochobhoh pe3yjibTaT. 

TeopeMa 4.4 [76]. riycTb 2 < n < 4, $ = / x + / 2 , /i G £7*, / 2 G £?*, 
= -u(0, x),x G Qq^H^^) = v(t, x), (t, x) G T. Torfla sa^ana (4.27) 
HMeeT no KpafiHeft Mepe oflHO cjia6oe peniemie. 

3ai\ieMaHHe. B aaKjnoneHHH SToro naparpa(pa otmcthm, hto nocjie flo- 
Ka3aTejibCTBa pa3peniHMOCTH b cjia6oM CMbicjie saflann (4.15)-(4.19), mtokgt 

B03HHKHyTb BOnpOC O HeoGxOflHMOCTH HCCJieflOBaHHH pa3peniHMOCTH B CJia60M 

CMbicjie peryji5ipH30BaHoro BapnaHTa (4.9)-(4.13) stoh 3&p,& T in. OflHH H3 apry- 
MeHTOB b nojib3y paccMOTpeHHa peryji5ipH30BaHHOH saflann coctoht b tom, hto 
OHa npeflCTaBjiaeT HHTepec c tohkh 3peHH5i Haxo>KfleHH5i HHCJieHHbix penieHHft 

flJIH MOflejIH ^5Ke(|)(|)pHCa, H flJIH 3TOrO, KOHeHHO, HeoGxOflHMO 3HaTb B KaKHX 

(pyHKUHOHajibHbix npocTpaHCTBax HMeeT MecTO pa3peniHMOCTb cooTBeTCTByio- 
ineft HanajibHO - KpaeBoft 3aflaHH. 

5 O CHjibHbix peineHHax HanajibHOKpaeBOH 3a,n,aHH 
MO^ejin ^^cefjx^pnca c cyScTamjHOHajibHoii 

npOIOBO^HOH 

B 3tom naparpacpe 6y^yT H3Jio>KeHbi pe3yjibTaTbi o cyinecTBOBaHHH CHjibHbix 
penieHHft HanajibHO - KpaeBoft 3a,a,aHH fljin peryjiHpH30BaHHoft MOflejiH ^^ecp- 
(ppnca. 

IlycTb Q - orpaHHHeHHaa o6jiacTb b R n c rpaHHueft dQ Kjiacca C 2 . Mepe3 
Qt = [0, T] X o6o3HaHaeTCH npocTpaHCTBeHHO-BpeMeHHoft u,hjihh,z],p fljia T > 
h nepe3 (£, x) - tohkh Qt- 

PaccMOTpHM flBH>KeHHe cpeflbi, 3anojiH5nom,eH o6jiacTb f2 b R n , n = 2,3, 
Ha npoMe>KyTKe BpeMeHH (0,T), T > 0. Hn>Ke 6yfleM npeflnojiaraTb, hto 
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flBH>KeHHe 9toh cpeflbi onHCbmaeTCfl chctgmoh ypaBHeHHH 
p I ~Qi + S^^T J (M)-^iDiv / e-^£(v)(s,z(s]t,x))ds-2iioDiv£(v)(t,x] 
+ gradp(£, x) = e^Divao(z(0; x)) +/^(£, a;), (£, x) G (0, T) x ft, (5.1) 

T 

z(r;£, rc) = £ + y Ssv(s,z(s;t,x))ds, r G [0, T] x ft, (5.2) 

f 

divv = 0, x) G (0, T) x ft, (5.3) 

rfle, KaK h b npeflbiflymnx naparpacpax, v = (i>i, . . . , u n ) - CKopocTb flBH>KeHH5i 
cpeflbi, - flaBjieHHe, ip - njiOTHOCTb BHeniHHx chji, p = const - njiOTHOCTb 
cpeflbi, do - TeH3op ocTaTOMHbix HanpH>KeHHH npn t = 0, S = (eij) - Teroop 
CKopocTeft fle(popMau,HH h S$ onepaTop, onpeflejieHHbift b § 4. ByzjeM npeflno- 
jiaraTb TaioKe, mto 3aflaHbi Ha^ajibHO- KpaeBbie ycjiOBHH 

v(t,x) = (t, x) G (0, T) x <9ft, (5.4) 

v(x) = v°(x), x G ft. (5.5) 

H3 ypaBHeHHH (5.1) bhaho, hto BMecTe c (pymapieH STOMy ypaBHeHHio 
yflOBjieTBopaiOT h Bee (pyHKu,HH, OTjiHnaioiHHecH ot p Ha KOHCTaHTy. riosTOMy 
fljia onpeflejieHHOCTH b nocTaHOBKe HanajibHO-KpaeBOH 3aflaHH ajih CHCTeMbi 
(5.1) — (5.3)flo6aBji5iiOT ycjiOBne 
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p dx = 0. (5.6) 

BBefleM o6o3HaHeHHe 

H^\Q T ) n = L 2 (0, T; iy 2 2 (ft) n n V) n L 2 (ft; Wj(0, T) n ). 
Tenepb mm roTOBbi flaTb cjieflyiomee 

Onpe^ejieHHe 5.1. n yC Tb a G W^(n) n \p G L 2 (0, T; L 2 (ft) n ), v° G V - 
3aflaHHbie (pyHKunn h n = 2,3. CnjibHbiM peineHneM 3aflaHH (5.1) — (5.6) Ha- 
3biBaeTC5i napa (v,p), r^e i> G i7 s 1,2 (Q r ) n , G L 2 (0, T; W^ft)), yzjoBjieTBopa- 
loinne ypaBHeHHSM (5.1), (5.3) iiohth BCiofly b Qt, HanajibHOMy ycjiOBHio (5.5) 

H flOnOJIHHTejIbHOMy yCJIOBHK) (5.6) npH yCJIOBHH, HTO TpaeKTOpHH 2 flBH^KeHHfl 

HacTHD, onpeflejieHbi peryji5ipH30BaHHbiM nojieM CKopocTeii S$v H3 ypaBHeHHH 
(5.2). 
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B nojryneHa TeopeMa cymecTBOBaHH5i peineHHft 3a,a,aHH (5.1) — (5.6). KaK 
h b cjiynae KjiaccHnecKoft CHCTeMbi HaBbe-CTOKca, 3Ta TeopeMa yTBep>KflaeT o 
cym,ecTBOBaHHH HejiOKajibHoro cnjibHoro penieHHA fljia n = 2 h jiOKajibHoro 
fljiH n = 3. 

TeopeMa 5.1[11]. IlycTb v° G V,a G (fi)" a , V 9 G L 2 (0, T; L 2 (Q) n ) h 
n = 2,3. Torfla cymecTByeT Tq > Taxoe, hto fljiH < T < To 3a,a,aHa 
(5.1) — (5.6) HMeeT xoth 6bi oflHO cnjibHoe penieHHe(i>,£>). IlpH stom Tq = oo 
b cjiynae n = 2. 

OflHaxo, fljia MOflejiefi flBH^KeHna BH3KoynpyrHx cpefl HanGojibiHHH HHTe- 
pec npeflCTaBjiaiOT He jiOKajibHbie TeopeMbi cymecTBOBaHH5i, a rjio6ajibHbie, no- 
CKOjibKy 3(p(peKT B5i3KoynpyrocTH npoHBji5ieTC5i, xax npaBHjio, He MrHOBeHHO, 
a c TeneHneM BpeMeHH. Hn^ce 6yzryT npHBefleHbi flBa pe3yjibTaTa o cymecTBOBa- 
hhh rjio6ajibHbix penieHHii HanajibHO-KpaeBbix 3aflan fljia peryji5ipH30BaHHOH h 
fljia HCxoflHoft MOflejin /^ecpcppHca. 

HTaK, nycTb no-npe>KHeMy Q - orpaHHHeHHan o6jiacTb b MJ 1 c rpaHHueft 
d£l Kjiacca C 2 ,Q T = [0,T] x Q. ^ajiee, KpoMe CTaHflapTHbix o6o3HaHeHHii 
L q (p,), L g (Qr), (fi) cl<g<ooHS>0, ajih npocTpaHCTB Jle6era h Co- 

60JieBa, COCTOfllHHX H3 (pyHKITHH Ha H H CO 3HaneHH5IMH B 1R, HCnOJIb3yK)TCa 

0603HaHeHH5I L q (Q) n , L g (Qr) n , (£7)™, B q ({l) U flJIfl (pyHKHHH CO 3HaneHH5IMH 

b R n . Mepe3 W^Sl) 71 o6o3HanHM npocTpaHCTBO 

KM n2 = W = (^i);o-G ^P) n Vii = **, U = 1,2, . . . ,n}. 
Mepe3 o6o3HaHHM 3aMbiKaHHe V b HopMe npocTpaHCTBa W 1 ^) 71 . 06o- 

3HaHHM 

^' 2 (Qt) = L q (0, T; W 2 q {Sl) n ) n L q (Q; W q \0, T) n ). 

h nycTb 

V^iQr) = W l q \Q T ) n L g (0, T\ V q ), 
P={p:pE W^iQr): J p(t, x)dx = #jm n. bJG (0, T)}. 

5Icho, hto V^(Q T ) = H]2{Q T ) n . 

Chmbojiom B q (Q) 6yn,eM o6o3HanaTb npocTpaHCTBO BecoBa (pyHKHHH Ha Q. 

CjieflyiOHj,HH pe3yjibTaT HejiOKajibHofi pa3peniHMOCTH HanajibHO-KpaeBOH 3a- 
flann fljia peryji5ipH30BaHHOH MOflejin ^^Kecpcppnca npn Majibix npaBbix nacTHx 
h HanajibHbix flaHHbix flOKa3aH b pa6oTe |37| . 

TeopeMa 5.2. IlycTb q > 2 npoH3BOjibHoe uejioe hhcjio. Tor^a cymecTByiOT 
KOHCTaHTbi Ri > 0,i = 1,2,3, Taxne hto fljia jiio6bix / G L q (QT) n ,(Jo G 
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W^ s (Q) n , V° G (B q /q (Q) n fl V q ), yflOBJieTBOp5HOIU,HX yCJIOBHK) 

ll/IU g (Or) n < hoWwijnr 2 < R2 II v listen)" - 

3aflaMa (5.1)-(5.6)nMeeT penieHne (v,p) G K 1,2 ((5t) x P- 

PaccMOTpHM CHCTeMy ypaBHeHHii, onncbiBaioiiiyK) ne peryjiHpH30BaHHyio, a 
HCxoflHyio MOflejib ^^Kecpcppnca 

n 1 

p(c^i>+^^ Vjdxjv)(t, x) — /ziDiv / e ~£(i>)(s, z(s; £, x))ds— 2[ioDiv£(v)(t, x) + 

i =1 o 

+ gradp(£, x) = e _ *Div<7 (z(0;£,£)) + /^(£, x), (£, x) G (0, T) x Q, (5.7) 

T 

z(r;t,a;) = x + J v(s, z(s;t,x))ds, r e [0,T], (t, x) G (0, T) x Q. (5.8) 

PaccMOTpHM fljia Hee TaK>Ke HanajibHO-KpaeByio 3aflany c KpaeBbiM ycjiOBH- 
eM (5.4) h Ha^ajibHbiM ycjiOBneM (5.5). 

rioH5iTHe CHjibHoro peineHHH ,o,jih HanajibHO-KpaeBoii 3a,a,aHH (5. 7), (5. 8), 
(5.4)-(5.6) aHajiornMHO cooTBeTCTByioiHeMy hohhthio fljin peryji5rpH30BaHHOH 

MOflejIH. 

CjieflyiomHii pe3yjibTaT HejiOKajibHoii pa3peniHMOCTH 3aflanH (5. 7), (5. 8), 
(5.4)-(5.6) fljia Majibix HanajibHbix flaHHbix h Majibix npaBbix nacTeii nojiy- 

H6H B [37] . 

TeopeMa 5.3. IlycTb q > n. Tor^a cymecTByiOT KOHCTaHTbi Ri > 0,i = 
1, 2, 3, Taxne, hto fljia jiio6bix / G L q (Q T ) n , a G Wj ja (n)" a , ?; G (5 g 2 ~ 2Az (Q)Tl 
V^), yflOBjieTBop5Hom,Hx ycjiOBHio 

II/IU,(Qt)" < hollwi^r 2 < ^ 2 II v II B^- 2 / 9 (n)« - ^3, 

3afla^a (5.7)-(5.8),(5.4)-(5.6) HMeeT penieHne G K 1,2 (Qt) x i 3 - 

6 CHjibHbie peineHHa HanajibHO-KpaeBOH 3a/j,aHH ^jia 
MO^ejiH ^^ce<J)<J)pHca c npoH3BO^HOH Oji^poii^a 

Ha^HeM 9tot nyHKT c Han6ojiee H3BecTHoro pe3yjibTaTa 06 stoh sa^ane - 
TeopeMbi o cym,ecTBOBaHHH h eflHHCTBeHHOCTH jiOKajibHoro no BpeMeHH penie- 
hhh HanajibHO-KpaeBoii 3aflann ajih CHCTeMbi ypaBHeHHii flBHxeHHH HeoKHMae- 
moh BH3Koynpyroii jkhakocth c o6b>eKTHBHOH npoH3BOflHOH Ojiflpoiifla b onpe- 
flejifliomeM cooTHOineHHH, npHHafljie>Kaiii,yK) THjibone h Co |43| . 
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IlycTb Q - orpaHHHeHHan o6jiacTb (T.e. OTKpbiToe mhojkcctbo) b npocTpaH- 
CTBe R 3 . PaccMOTpHM HaMajibHO-KpaeByio 3ajj,aHy, cocTOHiiryio H3 ypaBHeHHH 

flBH>KeHH5I HeOKHMaGMOH JKHflKOCTH 

+ £ Vi (t, - Diva(t, x) + Vp(t, x) = /, (t, *) G [0, T] x Q, 

i=l 1 

(6.1) 

onpeflejiHioiHero cooTHOineHHH 
^ + Xl ^iA = 2r]{S{tj x) + A 2 ^i^ ), (t, *) G [0, T] x J2, (6.2) 

yCJIOBHH HeOKHMaeMOCTH )KHJJ,KOCTH 

divv(t, x) = 0, (£, x) G [0, T] x Q, (6.3) 
ycjiOBHH npHjinnaHHH }khjj,kocth k CTeHKaM cocy/ia 

v(t, x) = 0, (t, x) G [0, T] x <9Q, (6.4) 

h HanajibHoro ycjiOBHH 

i?(0, x) = a(x), cr(0, x) = (7 (x), igO. (6.5) 

/^aBjieHHe p mojkct 6biTb onpejj,ejieHO c tohhoctbio jj,o KOHCTaHTbi. IloaTOMy 
k sajjane (6.1)-(6.5) oGmhho jj,jih onpejj,ejieHHOCTH jj,o6aBji5ieTC5i ycjiOBne 

M #s0 (6 ' 6) 

HanoMHHM Heo6xoflHMbie (pyHKUHOHajibHbie npocTpaHCTBa. Chmbojiom L2 
6yfleM o6o3HaHaTb npocTpaHCTBO cyMMHpyeMbix c KBajjpaTOM Ha o6jiacTH £1 

CpyHKUHH CO 3HaHeHHHMH B R, R 3 HJIH npOCTpaHCTBe CHMMeTpHHHblX MaTpHU, 

3x3. Chmbojiom H s , rjj,e s - HaTypajibHoe hhcjio, o6o3HanHM co6ojieBCKoe 

npOCTpaHCTBO (pyHKUHH (CO 3HaHeHHHMH B R, R 3 HJIH npOCTpaHCTBe CHMMeT- 

pHHHbix MaTpnu, 3x3), cyMMHpyeMbix c KBaflpaTOM Ha o6jiacTH £1 BMecTe co 

CBOHMH npOH3BOJJ,HbIMH flO nOpHflKa S BKJHOHHTC-JIbHO; CHMBOJIOM Hq - 3aMbI- 
KaHHe B H S MHOJKeCTBa 6eCKOHeHHO RJiaflKHX (pyHKUHH C KOMnaKTHbIM B Q 

HOCHTejieM; chmbojiom H~ s - npocTpaHCTBO, conpn^KeHHoe k Hq. 
Tenepb mm mo^kcm ccpopMyjinpoBaTb pe3yjibTaT [43j. 
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TeopeMa 6.1. IlycTb £1 - orpaHHHeHHan o6jiacTb c C 3 - rviaflKoft rpaHHneft. 
nycTb / G L 2 (0, T\ H 1 ), f' t G L 2 (0, T; H' 1 ), a G H 2 f] Hq , div a = 0, <7 G if 1 , 
do — G H 2 . Torfla cyinecTByeT to > h TpoftKa (v,a,p) H3 Kjiacca 

« G L 2 (0, # 3 ) f| *o]; ^ 2 n ^o 1 ) 

v t eL 2 (0,t ;H 1 )f]C([0,to\;L2) 
P eL 2 {0,to;H 2 ) 

a G L 2 (0,td;fr 2 )f|C([0,t ];^ 1 ), 

a-^^)GC([0,t ];iJ 2 ), 

KOTopaH 5iBji5ieTC5i pemeHHeM aafla^H (6.1)-(6.6). 9to peinemie gahhctbghho b 
yKa3aHH0M Kjiacce. 

OGosHa^HM Mepe3 C&([0,oo);X) npocTpaHCTBO orpaHHneHHbix Ha [0, oc) 
HenpepbiBHbix (pyHKirHft co 3HaHeHH5iMH b 6aHaxoBOM npocTpaHCTBe X, a nepe3 

([0, oo); X) npocTpaHCTBO (pyHKUHft, HMeroiipix HenpepbiBHyio orpaHnneH- 
Hyio npoH3BOflHyio. ITpn Majibix flamibix 3aflaMa (6.1)-(6.6) HMeeT rjio6ajibHoe 
penieHne |55j : 

TeopeMa 6.2. IlycTb Q - orpaHHHeHHaa o6jiacTb c C 3 - rjiaflKoft rpammeft. 
IlycTb / G Loo(0, oo; H 1 ), f t G ^(0, oc; H~ l ), a G i^ 2 i^Q , diva = 0, 
do G if 1 , Co — ^j^-£(a) G if 2 , h hx HopMbi Majibi b yKa3aHHbix npocTpaHCTBax. 
Torfla cymecTByeT h eflHHCTBeHHa Tpoftxa (y,a,p) H3 Kjiacca 

v G L 2M {0, oo; f/ 3 ) p| C b ([0, oo); 2 n flj) 

G L 2M (0, oo; AJ) p| C 6 ([0, oo); L 2 ) 
P G L 2 ,z oc (0,oo; H 2 ) 
aeCbttO,™);!! 1 ), 

a - ^S(y) G C b ([0, oo); 2 ) f| CjQO, oo); H l ), 

KOTopan HBjiaeTCH pemeHHeM 3aflanH (6.1)-(6.6) c T = oo. 

33 



7 CymecTBOBaHHe h e,n,HHCTBeHHOCTb chjibhbix penie- 

HHH HaMaJIbHOH RJISL CHCTeMbI ypaBHeHHH 

^BH^ceHHa HejiHHenHOH Ba3Koynpyroii cpe^bi 



B 3TOM nyHKTe o6cy>KflaeTC5i sa^ana ypaBHeHHH flBH>KeHHH ^jih ninpo- 
Koro Kjiacca HejiHHeftHbix BH3Koynpyrnx cpefl. 9tot Kjiacc coflep>KHT, b nacT- 
hocth, HbioTOHOBCKHe h HfleajibHbie >KHflKOCTH, MOflejiH Ojiflpoiifla, JlapcoHa, 
TH3eKyca, QaH-TneHa-TaHHepa, Cnpnrrca, IlpaHflTJifl, 9ftpHHra h hx kom6h- 
Hau,HH (cMecn) |79| . 

PaccMaTpHBaeTCH HanajibHaH sa^ana fljra ypaBHeHHH flBH>KeHHH 9Toro Kjiac- 
ca HejiHHeiiHbix BH3KoynpyrHx cpefl bo BceM npocTpaHCTBe R n , n = 2,3: 



div u = 0, (t, z) e [0, T] x E n (7.2) 

T H = a s + (7.3) 
a 5 = -pl + ^(£(u)) (7.4) 



(7 P = 



k=l 



r k + A fc ^- + /3 k (r k , £) = 2r] k £ (7.6) 
3flecb u — BeKTop ckopocth, fo - - nojie BHeniHHx chji, Th - - TeH3op Ha- 

npH>KeHHH (BCe OHH 3aBHCHT OT TOHKH X npOCTpaHCTBa W 1 , Tl = 2,3 H MOMeH- 

Ta BpeMeHH t), r — HaTypajitHoe hhcjio, r k ,a s , a p — cocTaBjiaioiHHe TeH3opa 
Hanpa>KeHHH, £(u) = |(Vw + Vu T ) - TeH3op CKopocTeft flecpopMainiH, p - 
flaBjieHHe, Afc > - BpeMeHa pejiaKcanHH, r]k > - bh3kocth, k = 1, . . . , r. 
Bbipa>KeHHe ecTB oG^eKTHBHan (ojiflpoHflOBCKaa) npoH3BOflHaa TeH3opa. 
KpoMe Toro, ^ h (3k b (7.4) h (7.6) 9to H3BecTHbie HejiHHeftHbie cpyHKHHii co 

3HaHeHH5IMH BO MHO>KeCTBe MaTpilU, 12 X 7i, KOTOpbie HMeiOT CJieflyiOIHHH BHfl: 

*(£) = i Pl £ + tp 2 £ 2 (7.7) 
p k (r, £) = olqI + a k £ + a^ 2 + agT + a k r 2 + o|(£t + r£)+ 

+a k (£ 2 r + r£ 2 ) + a k (£r 2 + r 2 £) + o|(£ 2 t 2 + r 2 £ 2 ) (7.8) 
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rfle (fii, (f2 h a 1 * cyTb npoH3BOJibHbie CKajrapHbie cpyHKuira cjieflyiomHx apry- 

MeHTOB 

(fi = (fi(Tr(S 2 ) , detS) , i = 1,2 

a* = a)(TrS 2 , TrS 3 , Tr{r) : Tr{T 2 ) : Tr{T 3 ),Tr{TS), 

Tr(r 2 S), Tr(rS 2 ), Tt(t 2 S 2 )), k = 1, . . . , r; j = 0, . . . , 8 

/JaBjieHHe BOo6me mojkct 6biTb onpeflejieHO c TOHHoerbio flo KOHCTaHTbi. 
J\jin onpeflejieHHOCTH HaKjiaflbmaeTca ycjiOBne 

J p{t,x)dx = (7.9) 
n 

rfle Q - (pHKCHpoBaHHaH orpaHHMeHHaa o6jiacTb b R n . 
HaMajibHbie ycjiOBHH HMeiOT bh^: 

u(0, x) = a(x), r fc (0, z) = r fc (x), x G M n , fc = 1, . . . , r (7.10) 
06o3HaMHM r]o = yi 2 . ByfleM npeflnojiaraTb, mto r/o > 0, a y?2 3 

COOTBeTCTBeHHO C 4 -, C 4 - H C 3 -rjiaflKHe (pyHKUHH H 

4{e) = a\{e) = al{e) = 0,^^ = 



(0 o6o3 H aMae T TOMKy (0, 0, 0, 0, 0, 0, 0, 0, 0)). 

Mbi 6yfleM ncnojib30BaTb cpyHKUHOHajibHbie npocTpaHCTBa Tnna Co6ojieBa 
H$ = {ue H m (R n ,R n ), divu = 0}kH™ = H m (R n ,R n s xn ). 

TeopeMa 7.1. [72]. IlycTb a G iff, r fc G #f /5 & = l,...,r, f G 
Li(0,T;^" 3 (]R n ,E n )) n L 2 (0, T\ H 2 (R n , R n )). Tor fl a cymecTByeT Taxaa koh- 
CTaHTa i^o > 0, He 3aBHCflma5i ot T, hto npn 



a 



U + XI H T Us + ll/olUi^T;^ 3 ) < ^0 



fc=l 



3aflaHa (7.1)-(7.10) HMeeT penieHne b Kjiacce 

u G L 2 (0, T; 4 ) n C([0, T]; 3 ) n W}(0, T; H 2 ) 
T H G L 2 {0,T; Hb loc ) 
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KpoMe Toro, o cocTaBjiaioiHHx TeH3opa Hanp5DKeHnft HMeeTca cjieflyiomafl hh- 
(popMau,H5i: 

a s + pl£ L 2 (0, T\ Hi) n C([0, T]; n W^(0, T; i^) 

G ^(0, T; ffj,) n C([0, T};H 2 M ) n C 1 ([0,T]; i^) 

A; = 1, . . . , r 

3to penieHHe eflHHCTBeHHO b stom Kjiacce. 

Ecjih /o G Li(0, +oo; H 3 (R n , W 1 )) n L 2 (0, +oo; # 2 (R n , R n )) h 

r 

IHI 3 + XI H r fc |l 3 + ll/o|Ui(0,+oo;# 3 ) < Kq 
k=l 

to 3aflaMa (7. l)-(7. 10) HMeeT eflHHCTBeHHoe penieHHe b yKa3aHHOM Kjiacce npn 
bchkom T > 0. 

8 O HepenieHHbix npo6jieMax 

OcHOBHbie HepemeHHbie npo6jieMBi no 3aflane (0.2), (0.4), (0.5), (2. 18) mo>kho 
ycjiOBHO pa36nTB Ha flBe rpynnbi: a) npoGjieMbi HMeioinne aHajiornnHyio Hepe- 
nieHHyio npoGjieivty fljin cncTeMBi HaBBe-CTOKcau, h 6) npo6jieMBi, xapaKTepHbie 
cyry6o§ fl jiH (0.2), (0.4), (0.5), (2.18). 

K nepBoii rpynne othochtch npoGjieivta CHjibHoii rjio6ajibHon pa3peniHMOCTH 
HanajibHO-KpaeBoii 3aflanH, npoGjieivta peryjinpHOCTH cjia6bix penieHHii, npo- 
6jieMa eflHHCTBeHHOCTH cjia6bix penreHHH, oneHKa xaycflopcpOBoft pa3MepHOCTH 
TpaeKTopHBix h rjio6ajiBHbix aTTpaKTopoqj (Bee 9th 3a,a,aHH Tpe6yiOT pemeHHH 
6e3 orpaHHneHHft Ha K03(p(pHnHeHTbi, BHeniHioio cnjiy h HanajibHbie flaHHbie). 
Ba>KHO, hto flJiH HaBBe-CTOKca sth 3a,a,aHH aKTyajiBHBi npn n > 3, a fljin 
(0.2), (0.4), (0.5), (2. 18) - npn n > 2. 

B paMKax BTopoii rpynnbi Ba>KeH 6jiok 3aflan o nocTpoeHnn xoTb Kaxnx- 
HHoVflb o6o6ineHHbix penreHHH CTau,noHapHon KpaeBoii 3aflann n sbojiiohhoh- 
Hoiu HanajibHO-KpaeBoii 3aflann, a TaioKe 3aflana o Hajinnnn nepnoflnnecKnx 
no BpeivteHH pemeHHii, Bee — 6e3 orpaHnneHnii Ha Koac^cpHnneHTbi, BHeniHioio 



1 Xota noTeHD,HajibHO penieHHe TaKoii npo6jieMbi MOJKeT 6biTb ocHOBaHO Ha CBoiicTBax M BH3Koynpy- 
roii"npo6jieMbi, He CBA3aHO c cooTBeTCTByroiiniMH npo6jieMaMH pjisi HaBbe-CTOKca h MeTcm ee penieHHH 
He o6fl3aTejibHO nofloiifleT rjik HaBbe-CTOKca. 

2 T.e., Kax npaBHJio, aHajiorn^Haa npo6jieMa pjia HaBbe-CTOKca pemeHa. 

3 HajiHHHe KOTopbix noxa He ycTaHOB jieHO . 

4 BKJiK)Hafl Bonpoc (cm. n.3) o npoBepxe cnpaBe^jiHBOCTH pe3yjibTaTOB |53j b KopoTauHOHHOM cjiy^ae (3.2). 
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CHjiy h HanajibHbie flaHHbie. J\jik SBOJiionHOHHoft 3a,i],aHH penb H^eT o rjio6ajib- 
hmx no BpeMeHH peineHH5ix. B cjiynae ycneniHoro (fla>Ke nacTHHHoro) pemeraifl 
saflann o cym,ecTBOBaHHH rjio6ajibHbix penieHHft BCTaeT Bonpoc o nocTpoeHHH 
jiio6bix, nycTb o6o6meHHbix, aTTpaKTopoB h/hjih uHep%uoHHUx MH020o6pa,3uu 
(o nocjieflHeM hohhthh cm. |70|). 
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